
I

a
a
g
h
a
c
e
c
f
b
d

c
h
t
a
c
H
m
t
e
t
w
p
d
c
e
k
t
n
c

2

J

Downlo
Srikant Ranjan
e-mail: srikant@ufl.edu

Nagaraj K. Arakere1

e-mail: nagaraj@ufl.edu

Mechanical and Aerospace Engineering
Department,

University of Florida,
Gainesville, FL 32611-6300

A Fracture-Mechanics-Based
Methodology for Fatigue Life
Prediction of Single Crystal
Nickel-Based Superalloys
A comprehensive fracture-mechanics-based life prediction methodology is presented for
fcc single crystal components based on the computation of stress intensity factors (SIFs),
and the modeling of the crystallographic fatigue crack growth (FCG) process under
mixed-mode loading conditions. The 3D finite element numerical procedure presented for
computing SIFs for anisotropic materials under mixed-mode loading is very general and
not just specific to fcc single crystals. SIFs for a Brazilian disk specimen are presented
for the crack on the {111}) plane in the �101� and �121� directions, which represent the
primary and secondary slip directions. Variation of SIFs as a function of thickness is also
presented. Modeling of the crystallographic FCG behavior is performed by using the
resolved shear stress intensity coefficient, Krss. This parameter is sensitive to the grain
orientation and is based on the resolved shear stresses on the slip planes at the crack tip,
which is useful in identifying the active crack plane as well as in predicting the crack
growth direction. A multiaxial fatigue crack driving force parameter, �Krss, was quanti-
fied, which can be used to predict the FCG rate and, hence, life in single crystal com-
ponents subject to mixed-mode fatigue loading. �DOI: 10.1115/1.2838990�
ntroduction
Turbine blades in high performance aircraft and rocket engines

re increasingly being made of single crystal nickel-based super-
lloys. Turbine blades and vanes, used in aircraft and rocket en-
ines, are typically the most demanding structural applications for
igh temperature materials due to the combination of high oper-
ting temperature, corrosive environment, high monotonic and cy-
lic stresses, and long expected component lifetimes, and the
normous consequence of structural failure. Failures of blade
omponents account for 40% of all turbine engine component
ailures attributable to high cycle fatigue �HCF� �1�. Estimation of
lade fatigue life, therefore, represents a very important aspect of
urability assessment.

Nickel-based single crystal superalloy materials have a fcc
rystal structure, and differ from polycrystalline alloys in that they
ave orthotropic properties making the position of the crystal lat-
ice relative to the part geometry a significant factor in the overall
nalysis �2�. The modified Goodman approach currently used for
omponent design does not address important factors that affect
CF, such as crystallographic crack initiation and propagation,
agnitude of resolved shear stress amplitudes on slip planes, fret-

ing damage, and interaction with low cycle fatigue �LCF�. Rocket
ngine service presents a different set of requirements that shifts
he emphasis to low temperature fatigue and fracture capability,
ith particular attention given to thermal, cryogenic, and high
ressure hydrogen gas exposure �3�. Toward addressing HCF in-
uced component failures, a large body of fatigue test has been
ollected by the gas turbine and space propulsion industries. How-
ver, there currently exists no systematic method for applying this
nowledge toward the design of more robust single crystal gas
urbine engine components. There is a need to establish a mecha-
istically based life prediction methodology for fcc single crystal
omponents.
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Fatigue failure in PWA1480/1493, a single crystal nickel-based
turbine blade superalloy, was investigated by Swanson and Arak-
ere �4� using a combination of experimental LCF fatigue data and
3D finite element �FE� modeling of HPFTP/AT space shuttle main
engine �SSME� turbine blades. The maximum shear stress ampli-
tude ���max� on the primary slip systems was found to be an
effective multiaxial fatigue failure parameter based on the curve
fit between ��max and cycles to failure. This failure parameter
reduces LCF fatigue data obtained with specimens in different
crystallographic orientations to an effective S-N diagram, with
��max as the stress amplitude. This approach is equivalent to a
stress-life method used for fatigue design. This procedure was
used to evaluate the fatigue life of a SSME turbopump turbine
blade using 3D FE analysis �FEA� incorporating elastic aniso-
tropy. Results revealed that a secondary crystallographic orienta-
tion had a pronounced effect on fatigue life, leading to the con-
clusion that control of a secondary orientation has the potential to
significantly increase a component’s resistance to fatigue crack
growth �FCG�.

The objectives of this paper are to extend the stress-life ap-
proach to the life prediction of single crystal components using
the fatigue damage parameter ���max�, presented by Swanson and
Arakere �4�, by implementing a fracture mechanics approach to
life prediction. This will require computation of stress intensity
factors �SIFs� for cracks in fcc single crystals, as a function of
crystallographic orientation, under mixed-mode loading condi-
tions, and also modeling of the FCG process. The orientation de-
pendence of material properties for single crystals results in shear
coupling and interdependence of �x ,y ,z� crack tip displacements,
leading to mixed-mode loading conditions even when the loading
appears to be purely Mode I. Hence, SIF for fcc single crystal
materials depends on remote loading, crack size, structural geom-
etry, and crystallographic orientation. In fact, the crystallographic
orientation dependence of crack tip displacements, leading to the
coupling of KI, KII, and KIII, highlights the difficulty in obtaining
generalized SIF solutions for anisotropic and orthotropic materi-
als, and perhaps also explains the dearth of such solutions for

practical specimen geometries in published literature. We present
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general numerical procedure for computing SIFs for cracks in
cc single crystals, subject to mixed-mode loading. This represents
he first detailed compilation of SIFs for Brazilian disk �BD�
pecimen as a function of crystallographic orientation. Results are
resented for a center-cracked BD specimen, with two specific
rystallographic orientations: a �111� crack plane with crack direc-

ions �101̄� and �121̄�. These two crack directions typically repre-
ent the fastest and slowest crystallographic crack growth rates,
espectively, on the �111� family of octahedral planes of a fcc
ingle crystal and hence, have important implications on estimat-
ng FCG life for single crystal components �3�. Even if cracks
ucleate on other planes because of local influence from intrinsic
efects, such as micropores, carbide particles, and undissolved
utectics, they tend to migrate to the octahedral planes, in the

rimary slip directions ��101̄� family of directions�, since they
epresent the paths of least resistance for crack propagation �5�.
esults presented show that SIF values are consistently higher for

he �101̄� crack direction, compared to the �121̄� direction, for
dentical crack angles and loads �6�.

We also present FCG modeling results using a crack driving
orce parameter based on resolved shear stresses on primary slip
lanes ��Krss�. This crack driving force parameter was first high-
ighted by the experimental work from Telesman and Ghosn �7�,
hich we have adapted in a numerical framework. The ability to

ompute mixed-mode SIFs and model the FCG process provides
ools necessary for establishing a mechanistically based life pre-
iction system. The proposed methodology can be used for com-
uting crystallographic FCG life in single crystal components.

atigue Damage Parameter in fcc Single Crystals:
tress-Life Approach for Life
We present a brief description of the fatigue damage parameter,

�max, developed by Swanson and Arakere �4�, for the sake of
ompleteness and also to highlight the differences between the
tress-life approach to life prediction and the fracture-mechanics-
ased life prediction system presented later.

Strain controlled LCF tests conducted at 1200°F in air for
WA1480/1493 uniaxial smooth specimens, for four different ori-
ntations are shown in Fig. 1. A wide scatter is observed in the
ata with poor correlation �R2=0.469� for a power law fit. The
aximum resolved shear stress amplitude ���max� on the primary

ctahedral slip systems for each data point, based on minimum

ig. 1 Strain range versus cycles to failure „Nf… for LCF test
ata „PWA1493 AT 1200F… †4‡
nd maximum test strain values and specimen orientation, was
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calculated based on linear elastic anisotropic assumptions. Figure
2 shows a plot of ��max versus cycles to failure. A good correla-
tion �R2=0.674� is seen for a power law curve fit �Eq. �1��. The
plane on which the resolved shear stress reaches a maximum
value is also the plane where the critical resolved shear stress
�CRSS� is exceeded first, thus making it the dominant slip system
to initiate slip or plasticity,

��max = 397,758N−0.1598 �1�
We have conducted further experimental and numerical inves-

tigations on the evolution of slip in triaxial states of stress and
concluded that once slip is initiated on the dominant slip system,
if tends to stay on this plane �8�. This sheds further light on why
the ��max multiaxial fatigue damage parameter collapses the fa-
tigue test data very effectively. The failure planes on the LCF
specimens were investigated by Naik et al. �9� and it was found
that those planes were indeed the planes where the resolved shear
stresses were maximum. The correlation for ���max� versus N
would be better if some of the high stress data points are corrected
for inelastic effects.

Computation of Stress Intensity Factors for fcc Single
Crystals Under Mixed-Mode Loading

SIF about a crack tip plays a significant role in the propagation
of the crack. The SIF is a measure of intensity near the crack tip
under linear elastic conditions. The knowledge of SIF is necessary
to predict the growth of a fatigue crack or to determine the re-
sidual strength of a cracked structure.

Many methods have been proposed to calculate SIFs for cracks
subjected to mixed-mode loading conditions in isotropic elastic
solids. Some commonly used methods are J integral �10,11�, vir-
tual crack extension �12,13�, modified crack closure integral, dis-
placement extrapolation methods �14�, etc. None of these pro-
posed methods are able to provide the complete solution for all
the three modes �Mode I, II, and III� of SIF for an anisotropic
material.

Although a substantial body of literature describes the compu-
tation of SIF �11,13,15–29�, a generalized numerical solution to
calculate SIF for a 3D anisotropic material under a mixed-mode
loading condition is unavailable.

It can be shown that mixed-mode SIFs for an anisotropic ma-

Fig. 2 Shear stress amplitude †��max‡ versus cycles to failure
„Nf… †4‡
terial can be computed by �6�
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� KI

KII

KIII
� = �B�−1	A
� �

2L1
�2�

here L1 is the element length along the crack face �AC=GF� and
A
 is given as

	A
 = 2uB − uC + 2uE − uF + uD +
1

2
��− 4uB + uC ¯ 4uE − uF�

+
1

2
�2�uF + uC − 2uD�2vB − vC + 2vE − vF + vD

+
1

2
��− 4vB + vC + . . . + 4vE − vF�

+
1

2
�2�vF + vC − 2vD�2wB − wC + 2wE − wF + wD

+
1

2
��− 4wB + wC + . . . + 4wE − wF�

+
1

2
�2�wF + wC − 2wD� �3�

ere u, v, and w are the nodal displacements of nodes B, C, D, E,
nd F at the crack tip relative to B�, C�, D�, E�, and F�, as shown
n Fig. 3.

� is the natural coordinate system value defined as

� = − �2z

L2
+ 1
 �4�

2 is the length of the element along the crack front �AG=CF�
nd �B�−1 is defined as

�B�−1 = �
Re� i

�1 − �2
�q2 − q1�� 1

D
Re� − i

�1 − �2
�p2 − p1�� 1

D

0

Re� − i

�1 − �2
��1q2 − �2q1�� 1

D
Re� i

�1 − �2
��1p2 − �2p1�� 1

D

0

0 0

�c44c55 − c45
2

�
�5�

s is apparent from the �B�−1 matrix, the KI and KII are the only
oupled SIFs �functions of u and v� and the KIII is a function of w
nly.

D is the determinant of the equation

D = �Re� i

�1 − �2
��1p2 − �2p1�� Re� i

�1 − �2
�p2 − p1��

Re� i

�1 − �2
��1q2 − �2q1�� Re� i

�1 − �2
�q2 − q1�� �

�6�

1 and �2 are the roots of the fourth order characteristic equation

a11�
4 − 2a16�

3 + �2a12 + a66��2 − 2a26� + a22 = 0 �7�

nd are given by

� j = � j + i� j and � j � 0

as � j can only be a complex number �30� �for the details, refer to
anjan �6��,

pj = a11�
2 + a12 − a16� j
j

ournal of Engineering for Gas Turbines and Power
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qj = a12� j +
a22

� j
− a26 �8�

For plane stress,

a11 =
1

E11
, a22 =

1

E22
, a21 = a12 = −

	12

E11
, a66 =

1

G12
�9�

For plane strain,

aij = aij −
ai3aj3

a33
�10�

Equation �2� is used to calculate the SIF at the crack tip by the
displacement method, which is one of the most commonly used
methods to get the value accurately. The FE method was used to
calculate the displacements at the crack tip. The commercial soft-
ware ANSYS was used for FEA modeling. The crack tip nodal
displacements were then extracted from the FEA model and fed to
the analytical equations explained above to calculate all the three
modes of SIFs.

Single Crystal Specimen Geometries Used for Mixed-
Mode Loading

The specimen modeled was a circular BD specimen, loaded in
compression. Details of the BD specimen analyzed are given in
Table 1. This specimen with center crack has a mode mixity at the
crack tip, which varies as function of the crack angle 
, shown in
Fig. 4. The crack lies on the 	111
 plane, and the crack directions
used are the �101� and �121� families of directions. These speci-
men and crack orientations have been checked very carefully
based on experimentally observed FCG rates �FCGRs� �32�.

Table 1 Geometrical and material properties of the BD speci-
men analyzed

E 106.2 GPa G 108.2 GPa 	 0.4009
W 2.794 cm 2a /W 0.2–0.8 t 0.254 cm
F 4.448 kN

Fig. 3 Arrangement of quarter-point wedge elements along
segment of crack front with nodal lettering convention †31‡
MAY 2008, Vol. 130 / 032501-3
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Figure 5 shows that the crack plane lies on the �111� plane and

s directed along the �1̄21̄� direction. This slip system has been
xplained with the help of octahedral slip planes �Fig. 5, right
ide�.

SIF Results. From the BD specimen results �Figs. 6–11�, it can

e seen that the magnitude of SIF for the �101̄� orientation is

lways greater than the corresponding values of the �1̄21̄� orien-

ation, thus enabling a crack to propagate faster on the �101̄� plane

han on the �1̄21̄� plane under identical fatigue loading. For the

101̄� orientation, the crack closure angle is �18 deg, whereas it

s �30 deg for the �1̄21̄� orientation �Fig. 9�.
Following the work of Saouma and Sikiotis �31�, the calculated

alues for KIII were found to be negligible. The discrepancies
ere found in the formulation of Eq. �5�, and we believe that the

orm of Eq. �5�, shown in this paper is appropriate to use in fcc
ingle crystals, as it correctly gives rise to all the three modes of
IFs. As a result of the coupling of displacements at the crack tip
ue to anisotropy, non-negligible values of KIII were found, and
hey varied with respect to the applied force, crack length, and
rack angle.

The BD specimen SIFs were further analyzed along the thick-

ess for the �101̄� and �1̄21̄� crack orientations due to change in
rack length and crack angle. They were calculated at five differ-
nt points along the thickness at the crack front, as shown in Fig.
2. A plane stress assumption was made at the surface of the BD
pecimen �Planes 1 and 5�, and a plane strain assumption was
ade at all the interior points �Planes 2–4�.
In order to check the difference in SIF of isotropic BD speci-
en and orthotropic BD specimen with change in load angle and
ith crack, under similar loading condition and specimen geom-

ig. 4 BD specimen with center crack lying in the „111… plane
nd oriented along the †101̄‡ direction

Fig. 5 BD specimen having center crack lying

direction

32501-4 / Vol. 130, MAY 2008
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etry, two models were analyzed. Due to the limitation of space,
this analysis could not be presented here, but can be found in
Ranjan �6�.

From Figs. 13 and 15, it can be seen that the crack closure
angle �where KI is almost zero� was reached at �18 deg for the

�101̄� orientation, whereas it was �30 deg for the �1̄21̄� orienta-
tion, as was observed in Fig. 9. KI can be seen as symmetric for

the �1̄21̄� orientation across the thickness, whereas it is not for the

�101̄� orientation. In general, KI inside the surface �Planes 2, 3,
and 4, Fig. 12� than those at the crack edges �Planes 1 and 5, Fig.
12�.

The absolute value of KII becomes maximum at an angle of

�24 deg for the �101̄� orientation, whereas for the �1̄21̄� orienta-
tion, it is �36 deg �Figs. 14 and 16�, as also illustrated in Fig. 10.
It is interesting to observe that SIFs �Figs. 15–18� �KI, KII, and

KIII� are symmetric about the midplane for the �1̄21̄� orientation.
This is due to the symmetry observed more only for the crack
lying along the �121� direction than for that lying along the �101�
direction on the 	111
 plane, as shown in Fig. 19.

KIII is maximum at an angle of �48 deg for the �1̄21̄� orien-
tated BD specimen, as can be clearly seen in Fig. 11. The values

of KIII �Fig. 17� for the �101̄� orientation at one of the faces �Plane
1, thickness=0� are always greater than those at the other face
�Plane 5, thickness=1�, and reach maximum at an angle of
30–36 deg. The maximum value of KIII shown in Fig. 11 is at
�25 deg because the values were calculated at an offset to the
midplane, which can be verified from the offset value taken from
Fig. 17.

he ˆ111‰ slip plane and aligned along the †1̄21̄‡

Fig. 6 KI versus 2a /W ratio for †101̄‡ and †1̄21̄‡ orientations of
BD specimen at �=0 deg
in t
Transactions of the ASME
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For the �1̄21̄� orientation �Figs. 15–18�, it can be seen that KI,

II, and KIII are always symmetric across the thickness �because
f the symmetry about the midplane, as shown in Fig. 19�. At the
idplane, KIII is always zero, which means that there is no out of

lane displacement at the midplane.
Using the above analysis, we can find the profile of the crack

rowth inside a specimen, which can be crucial for the life assess-
ent of an anisotropic material.

rystallographic Fatigue Crack Growth
Several studies have been conducted on FCG of Ni-based

ingle crystals �33–37�, and all of these studies have shown that
CG is highly sensitive to the orientation of the crystal and that

he crack plane is crystallographic and follows a single slip plane
r a combination of slip planes. Since shear decohesion on a slip
lane is caused by dislocation motion, many researchers have sug-

ig. 7 KII versus 2a /W ratio for †101̄‡ and †1̄21̄‡ orientations of
D specimen at �=0 deg

ig. 8 KIII versus 2a /W ratio for †101̄‡ and †1̄21̄‡ orientations of
D specimen at �=0 deg

ig. 9 KI versus crack angle with force for †101̄‡ and †1̄21̄‡

rientations of BD specimen at 2a /W=0.55

ournal of Engineering for Gas Turbines and Power
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gested that the resolved shear stress acting on the active slip plane
ahead of a crack tip must be responsible for the propagation of the
fatigue crack �35,38,39�. The dislocation motion is controlled by
the forces at the crack tip, which is directly related to the resolved
shear stress on the slip plane. Therefore, the rate of shear decohe-
sion must be related to the “resolved shear stress intensity” �RSSI�
at the crack tip. The active shear decohesion plane or planes must
be the slip plane�s� with a high RSSI. If the RSSI on a plane is
much higher than all the other slip planes, then the plane must be
the primary plane for shear decohesion and the slip plane becomes
the crack plane. However, if the resolved shear stresses on two or
more of the slip systems are comparable, then the shear decohe-
sion will take place on all of those slip planes and the macrocrack

Fig. 10 KII versus crack angle with force for †101̄‡ and †1̄21̄‡
orientations of BD specimen at 2a /W=0.55

Fig. 11 KIII versus crack angle with force for †101̄‡ and †1̄21̄‡
orientations of BD specimen at 2a /W=0.55

Fig. 12 Half meshed model of BD specimen and the crack co-

ordinate system

MAY 2008, Vol. 130 / 032501-5
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lane will not follow a single slip plane; this was shown by Teles-
an and Ghosn �7�. Even though macroscopic crack was observed

long the �001� plane inclined 7 deg to the starter notch, the mi-
roscopic slip was observed on the �111� slip planes, inclined
2 deg and −38 deg to the starter notch.

If a crack surface is a slip plane, it is logical that the crack
rowth rate on that slip plane will correlate with its RSSI.

ig. 13 Variation of SIF KI along BD specimen thickness at
ifferent crack angle for the †101̄‡ orientation

ig. 14 Variation of SIF KII along BD specimen thickness at
ifferent crack angle for the †101̄‡ orientation

ig. 15 Variation of SIF KI along BD specimen thickness at
¯ ¯
ifferent crack angle for the †121‡ orientation

32501-6 / Vol. 130, MAY 2008

aded 27 Feb 2009 to 128.227.7.188. Redistribution subject to ASME
Chen and Liu �40� proposed a crack driving force parameter for
correlating FCG data, which is based on the resolved shear
stresses on the active slip plane�s�. This parameter may be better
than �K for the correlation of FCG data since it takes into con-
sideration the deformation mechanisms, grain orientation, and ac-
tual crack path.

Fig. 16 Variation of SIF KII along BD specimen thickness at
different crack angle for the †1̄21̄‡ orientation

Fig. 17 Variation of SIF KIII along BD specimen thickness at
different crack angle for the †101̄‡ orientation

Fig. 18 Variation of SIF KIII along BD specimen thickness at
¯ ¯
different crack angle for the †121‡ orientation
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The resolved shear stress field of a slip system is defined by its
ntensity coefficient, which can be calculated once Modes I, II,
nd III crack tip fields are obtained.

The resolved shear stress is given by �41�

�rss =
1

b
bi�ijnj �11�

here bi and b are the Burgers vector and its magnitude, nj is the
nit normal vector of the slip plane, and �ij is the crack tip stress
ensor field given by �40�

��ij� =
1

�2�r
�KIf ij

I ��� + KIIf ij
II��� + KIIIf ij

III���� �12�

here r and � are the local polar coordinates at the crack tip, as
hown in Fig. 20; f ij��� are the angular component of the stress
eld. Substituting Eq. �12� into Eq. �11�, the resolved shear stress

s

�rss =
1

�2�r
�bi

n��KIf ij
I ��� + KIIf ij

II��� + KIIIf ij
III�����nj� �13�

here bi
n and nj are the unit Burgers vectors and unit normal

ectors of the slip planes, respectively.
The above equation indicates that �rss preserves the 1 /�r sin-

ularity, and the intensity of �rss is dependent on the crystal ori-
ntation relative to the crack surface. For a given crystal orienta-
ion and crack geometry, the angle � is equal to the angle between
he trace of a particular slip plane on the plane normal to the slip
lane and the horizontal axis. The intensity of �rss is linearly pro-
ortional to the quantity RSSI coefficient Krss, which for a given
lip system can be defined as the limiting value of the resolved
hear stress �rss multiplied by �2�r as r approaches zero �7,40�

Krss = lim
r→0

�rss
�2�r �14�

here r is the distance of the crack tip and �rss is defined as the
rojection of the stress tensor ��� on a plane whose outward nor-

ig. 19 „a… Unsymmetry about midplane for crack oriented
long ˆ111‰ Š101‹; „b… symmetry for crack lying along ˆ111‰ Š121‹

ig. 20 Details of crack tip displacements and stresses at a
istance r and � from the crack tip in the crack coordinate

ystem

ournal of Engineering for Gas Turbines and Power
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mal is n in the direction of slip b �Fig. 21�. The two distinct
advantages in using Krss are as follows: �1� The dependency of �rss
on r is eliminated; �2� the angle � has a definite physical meaning,
which is directly related to the orientation of the slip system.

The state of stress on a slip plane, under mixed-mode loading,
whose trace on a plane normal to crack plane makes an angle �
with the horizontal axis �Figs. 20 and 22�, can be defined as �6�

�
�x

�y

�z

�yz

�zx

�xy

� =
1

�2�r�
d11 d12 0

d21 d22 0

d31 d32 d33

0 0 d43

0 0 d53

d61 d62 0

� · � KI

KII

KIII
� �15�

where

d11 = Re� �1�2

�1 − �2
��2

b2
−

�1

b1

�, d12 = Re� 1

�1 − �2
��2

2

b2
−

�1
2

b1

�

d21 = Re� 1

�1 − �2
��1

b2
−

�2

b1

�, d22 = Re� 1

�1 − �2
� 1

b2
−

1

b1

�

d3j = � 0 plane stress

−
d1ja13 + d2ja23 + d6ja36

a33
plane strain � j = 1,2

Fig. 21 Burgers vector b is along slip direction Š011‹ and slip
plane direction is normal vector n along Š111‹

Fig. 22 Trace of primary slip planes on the plane normal to the

crack plane
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d33 = � 0 plane stress

−
d43a34 + d53a35

a33
plane strain �

d43 = Re� 1

b3
�, d61 = Re� �1�2

�1 − �2
� 1

b1
−

1

b2

�

d53 = − Re��3

b3
�, d62 = Re� 1

�1 − �2
��1

b1
−

�2

b2

�

bi = �cos��� + �i sin���, i = 1,2,3

1 and �2 are the two roots with positive imaginary parts as
efined by the equation

a11�
4 − 2a16�

3 + �2a12 + a66��2 − 2a26� + a22 = 0 �16�

nd �3 is the root of the characteristic equation �42�

a55�
2 − 2a45� + a44 = 0 �17�

It should be noted that the compliance constants �ai,3�i
1,2 , . . . ,6�� used for the expression �d3,j�j=1,2 ,3�� are the ones
s given by Eq. �9�.

able 2 The geometry and loading condition of the three BD
pecimens tested †43‡.

pecimen orientation

Test
temperature

Test
frequency

Load
ratio

�°C� �Hz� R

�111� �110� 23 40 0.1
�111� �110� 23 10 0.1
�111� �110� 23 10 0.1

pecimen
Diameter Thickness

Initial crack
length

Crack angle
with load

W �mm� t �mm� a �mm� � �deg�

28.00 2.12 4.16 27.27
27.97 2.23 4.16 16
28.03 2.20 2.27 16

Table 3 Krss for 12 primary slip systems

Slip
plane

Slip
direction

K
with

5.25 5.36

�111� �101̄� −6.45 −6.59

�111� �01̄1� 1.91 1.97

�111� �11̄0� −4.54 −4.63

�1̄11̄� �101̄� −1.17 −1.18

�1̄11̄� �110� 1.00 0.99

�1̄11̄� �011� 2.17 2.17

�11̄1̄� �110� 0.83 0.87

�11̄1̄� �01̄1� 3.07 3.09

�11̄1̄� �101� 3.90 3.96

�1̄1̄1� �011� 1.91 1.97

�1̄1̄1� �101� −2.99 −3.02

�1̄1̄1� �11̄0� −4.91 −4.99
32501-8 / Vol. 130, MAY 2008
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The above equations, when used in conjunction with Eqs. �11�
and �14�, give Krss on all the 12 slip systems for a fcc single
crystal superalloy,

Krss = �bi
n��nj��

d11 d12 0

d21 d22 0

d31 d32 d33

0 0 d43

0 0 d53

d61 d62 0

� · � KI

KII

KIII
� �18�

Three BD specimen of a PWA1422 single crystal material were
tested �Table 2� to correlate the FCG data with the calculated
�Krss.

The mixed-mode SIFs were calculated for all the three speci-
mens on the midplane of the BD specimens, based on plane strain
assumption. Krss was calculated using Eq. �14�, where the state of
stress obtained from Eq. �15� was multiplied by Schmid’s factor
for fcc single crystal �refer to Ranjan �6�� to get the RSS on all the

12 primary slip systems. The traces of the two slip planes �1̄11̄�
and �11̄1̄� were found to make equal angles with the �111� plane

�67.78 deg�, while the trace of the plane �1̄1̄1� was found to make
0 deg with the crack plane �111�, as shown in Fig. 22.

The load ratio R �minimum load/maximum load� was 0.1 �Table
2�, as the load on the BD specimen was always tensile. As SIFs
are linearly proportional to the load applied, Krss was multiplied
with R to get the �Krss.

The maximum Krss was found to be on the �111� slip plane for
all the three specimens �first row of Tables 3–5�, as observed in
the experiment test results �Fig. 23�. The calculated �Krss was
plotted against da /dN on a log-log scale to check the validity of
the model �Fig. 24�. After �Krss reaches 10 MPa �m, a linear plot
can be seen, which might correspond to Region II �Paris region�
where the crack growth rate is directly proportional to the applied
�K on a log-log basis. However, not enough data are available to
support the theory. However, below a �Krss of 8 MPa �m, an
accelerated crack growth can be seen between 5 MPa �m and
7 MPa �m, in the threshold region, region or Stage I. The lines
drawn through those points yield �Kth on the �Krss axis, which is
called fatigue threshold SIF. The average �Kth of the three speci-

h increasing crack length for specimen A

in MPa �m for Specimen A
creasing crack length a in mm

66 5.82 6.09 6.10 6.12

59 −7.18 −7.58 −7.61 −7.64

13 2.22 2.40 2.42 2.43

83 −4.96 −5.18 −5.19 −5.21

21 −1.23 −1.27 −1.27 −1.27

95 0.92 0.85 0.85 0.85

16 2.16 2.12 2.12 2.12

98 1.05 1.18 1.18 1.19

10 3.12 3.11 3.11 3.11

08 4.16 4.28 4.29 4.30

13 2.22 2.40 2.42 2.43

08 −3.11 −3.15 −3.15 −3.16

20 −5.33 −5.55 −5.57 −5.59
wit

rss
in

5.

−6.

2.

−4.

−1.

0.

2.

0.

3.

4.

2.

−3.

−5.
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ens has been taken ��4.3 MPa �m� at a given load ratio R�
0.1�. Below this value ��Krss
�Kth� either crack growth does
ot occur by cyclic loading, i.e., da /dN=0 and the specimen can
ave infinite life, or it grows at undetectable rates. The value of
Kth can be affected by alterations in the material microstructure,

oad ratio, environment, and crack size �44�. However, the cyclic
IF ��Krss� is not the only load parameter to control the FCG rate
ecause da /dN, at a given �Krss, can increase with the increase in
oad ratio R as

Kmax =
�Krss

�1 − R�

The advantage of �Krss lies in the ability to predict the actual
icroscopic fatigue fracture mechanisms, and it also takes into

Table 4 Krss for 12 primary slip systems

Slip
plane

Slip
direction

K
with

8.06 8.38

�111� �101̄� −6.11 −5.95

�111� �01̄1� 1.03 1.12

�111� �11̄0� −5.08 −4.83

�1̄11̄� �101̄� −1.61 −1.48

�1̄11̄� �110� 2.59 2.29

�1̄11̄� �011� 4.20 3.77

�11̄1̄� �110� −0.17 −0.02

�11̄1̄� �01̄1� 5.42 4.90

�11̄1̄� �101� 5.25 4.89

�1̄1̄1� �011� 1.03 1.12

�1̄1̄1� �101� −4.66 −4.25

�1̄1̄1� �11̄0� −5.68 −5.37

Table 5 Krss for 12 primary slip systems

Slip
plane

Slip
direction

K
with

7.74 8.31

�111� �101̄� −12.42 −14.40 −

�111� �01̄1� 1.82 2.62

�111� �11̄0� −10.60 −11.78 −

�1̄11̄� �101̄� −3.45 −3.65 −

�1̄11̄� �110� 5.80 5.74

�1̄11̄� �011� 9.24 9.39

�11̄1̄� �110� −0.68 −0.16 −

�11̄1̄� �01̄1� 11.85 12.18

�11̄1̄� �101� 11.17 12.02

�1̄1̄1� �011� 1.82 2.62

�1̄1̄1� �101� −10.09 −10.52 −

�1̄1̄1� �11̄0� −11.91 −13.14 −
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consideration the orientation of the grain. The �Krss is also a
multiaxial fatigue stress parameter, incorporating resolved shear
stress on primary slip systems.

Conclusions
The results obtained can be summarized as follows:

1. An analytical method was developed for the calculation of
all three modes of SIFs as a function of crystallographic
orientation for an orthotropic material, which can be applied
to any anisotropic material if all the material constants are
known.

2. Mode I �KI� was always found to be greater for �101̄� than

for the �1̄21̄� orientation. For an orthotropic material, KI was

h increasing crack length for specimen B

in MPa �m for Specimen B
creasing crack length a in mm

67 9.09 9.46 9.87 10.13

20 −6.39 −6.56 −6.75 −6.91

29 1.51 1.71 1.93 2.10

91 −4.88 −4.85 −4.81 −4.81

46 −1.39 −1.33 −1.25 −1.21

14 1.84 1.56 1.23 1.02

60 3.23 2.89 2.49 2.22

13 0.36 0.56 0.79 0.96

73 4.31 3.92 3.47 3.17

86 4.67 4.48 4.26 4.13

29 1.51 1.71 1.93 2.10

15 −3.86 −3.60 −3.29 −3.10

44 −5.37 −5.30 −5.22 −5.19

h increasing crack length for specimen C

MPa �m for Specimen C
reasing crack length a in mm

8 9.02 9.79 10.93 11.55

1 −17.54 −21.82 −30.65 −37.37

0 4.02 6.10 10.75 14.46

1 −13.52 −15.72 −19.91 −22.91

2 −3.90 −4.14 −4.41 −4.48

0 5.32 4.34 1.53 −0.86

2 9.22 8.48 5.94 3.62

6 −0.83 −2.38 6.02 9.01

7 12.24 11.73 9.48 7.33

2 13.07 14.11 15.50 16.33

0 4.02 6.10 10.75 14.46

8 −10.88 −10.99 −10.37 −9.50

9 −14.90 −17.09 −21.12 −23.96
wit

rss
in

8.

−6.

1.

−4.

−1.

2.

3.

0.

4.

4.

1.

−4.

−5.
wit

rss in
inc

8.7

16.4

3.5

12.9

3.8

5.5

9.3

0.4

12.2

12.7

3.5

10.7

14.2
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found to be nonzero at the crack closure due to the coupling
of the nodal displacements, whereas for an isotropic mate-
rial, it was zero.

3. The magnitude of KII for �1̄21̄� was always found to be

greater than that for the �101̄� orientation, but the difference
was not much.

4. Mode III SIF �KIII� existed because of the coupling of dis-

placements at the crack tip due to anisotropy. KIII for �101̄�
was found to be much bigger than that for the �1̄21̄� orien-
tation for the BD specimen. This plays an important role in
the calculation of effective K to predict the life of an aniso-
tropic material.

5. SIFs calculated for the �1̄21̄� crack orientation was found to
be symmetric, which was due to the symmetry of �121�
about the midplane, as shown in Fig. 19, whereas due to the
unsymmetrical nature of the �101� orientation, the calculated

SIFs varied along the thickness for the �101̄� crack orienta-
tion. This variation can very well be used to predict the
crack growth profile across the thickness.

6. The crack closure for the �101̄� orientation was found to be

18 deg, whereas it was 30 deg for the �1̄21̄� orientation for

ig. 23 Crack growth on the ˆ111‰ slip plane can be observed
or BD specimen B †43‡

ig. 24 FCG rate of three specimens A, B, and C as a function

f �Krss
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the BD specimen, which shows the importance of knowl-
edge of secondary orientation.

7. As shear decohesion is caused by dislocation motion, it was
expected that the orientation of the crack plane must be re-
lated to the active slip plane�s�. The fatigue damage param-
eter Krss was calculated for all the 12 primary slip systems
and for all the three BD specimens. The Krss,max was found
on the 	111
 plane, which also happened to be the crack
growth plane for all the three BD specimens. Therefore, for
a single active slip plane, the maximum resolved shear stress
provides the primary driving force for dislocation motion,
the shear decohesion process leading to the crack growth
process.

8. The parameter Krss is well suited in identifying the active
crack plane, as well as in predicting the microscopic crack
growth direction. It is also an effective multiaxial crack driv-
ing force parameter.

9. The method developed is not related to any specific geom-
etry. Therefore, it can be used for any kind of geometry and
for any general anisotropic material to calculate mixed-mode
SIFs at the crack tip. Therefore, crack growth rate and,
hence, life of any material can be predicted.

However, additional experimental data are required to study
FCG on the 	111
 family of planes for the �101� family of crack
directions. More experimental data are needed in Region II to get
the accurate result to predict lifing. Also, experimental data for
crack plane orientations other than slip planes, e.g., �100�, can be
used to check the validity of the model.
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