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Empirical Stress Intensity Factors for Surface Cracks
under Rolling Contact Fatigue
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This article contains empirical equations for the KI, KII ,

and KIII stress intensity factors (SIFs) for semi-elliptical sur-

face cracks for brittle materials subjected to rolling contact fa-

tigue (RCF) as a function of the contact patch diameter, angle

of crack to the surface, max pressure, position along the crack

front, and aspect ratio of the crack. The equations were de-

veloped from SIFs calculated by parametric three-dimensional

(3D) finite element analysis (FEA) for a range of contact patch

radii (1b, 2b, and 3b) and angles of the crack to the surface (0◦,

45◦, and 60◦). Calculating mixed-mode SIFs for surface cracks

subject to RCF using 3D FEA is computationally complex be-

cause of extreme mesh refinement required at multiple levels

to capture steep stress gradients. The comprehensive empirical

curve fits presented are accurate to within 0.5% of FE sim-

ulations and are useful for component design where contact-

initiated surface fatigue damage is important such as in gears,

roller bearings, and railway wheels. The results are of particu-

lar relevance to hybrid silicon nitride ball bearings, which are

susceptible to failure from fatigue spalls emanating from pre-

existing surface cracks, due to crack growth driven by RCF (G.

Levesque and N. K. Arakere, An investigation of partial cone

cracks in silicon nitride balls. International Journal of Solids

and Structures, 2008, 45:6301–6315).
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INTRODUCTION

Surface cracks are among the most common flaws and most
critical (Evans (1); Hadfield, et al. (2)) in mechanical compo-
nents and are directly exposed to rolling contact fatigue (RCF) in
multiple systems. The RCF life of hybrid silicon nitride (Si3N4)
ball/steel raceway bearings was found to be over twice that of
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steel bearings (Miner, et al. (3); Tanimoto, et al. (4)). However,
silicon nitride has low fracture toughness and failures of Si3N4

balls originate from small surface defects and cracks arising from
the manufacturing processes (Wang, et al. (4); Piotrowski (6)).
These surface flaws are the most common source of ball fail-
ure in silicon nitride hybrid-bearing systems (Hadfield, et al. (2);
Levesque and Arakere (7)). Stress intensity factors (SIFs) have
been the primary tool for analysis of growth and fracture prop-
agating from these flaws. Due to the complexity of the three-
dimensional (3D) subsurface Hertzian stress field at the ball–
raceway interface and the steep stress gradients from the edge
of contact and from the surface crack, exact solutions are in-
tractable. Accounting for these complexities entails the use of
a comprehensive 3D finite element contact/fracture mechanics
analysis. Previous researchers have only provided a limited num-
ber of approximations for SIFs for this system. A brief review
follows.

In earlier works, where the investigated geometries had simi-
lar levels of complexity to the current work, finite element anal-
ysis (FEA) was not always used. Zalounia (8) used the Fourier
transform method to obtain SIFs for an edge crack penetrating
the interface in a coated solid subjected to contact loading. Keer
and Bryant (9) used two-dimensional (2D) linear elastic theory to
simulate a crack in a rail wheel to examine the effects of contact
friction, lubricant pressure, and friction between the crack faces
on the KI and KII stress intensity factors. Karapetian and Han-
son (10) derived weight equations for the simpler geometry of a
submerged circle crack subjected to point loads on the crack face.
Later, these equations would be applied by Kida and Ogura (11)
(with some untested approximations) to the case of a subsurface
penny crack subjected to RCF at the surface. Hasebe and Qian
(12)–(15) visited the problem of an indenter of different geome-
tries contacting a plane strain infinite plate with an angled sur-
face flaw in multiple notable works by using complex stress func-
tions derived by the rational mapping function. The results pre-
sented were in graphical form and not readily applicable to a 3D
problem.

Noda and Miyoshi (16) used the body force method to come
up with an integral equation that could be integrated with a poly-
nomial stress distribution for a half penny crack in a semi-infinite
body. Pommier, et al. (17), in a related work on semi-elliptical
cracks that are normal to the surface, provided a set of equations
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622 G. LEVESQUE AND N. K. ARAKERE

NOMENCLATURE

a = Depth of crack along its face
ai = Coefficients of a polynomial for KI

b = Semi-width of crack on the surface
bi = Coefficients of a polynomial for KII

ci = Coefficients of a polynomial for KIII

E = Young’s modulus
K∗

i = Ki

po
√

π a
Q

where i = I, II, III

KI = Mode I stress intensity factor
KII = Mode II stress intensity factor

KIII = Mode III stress intensity factor
po = Peak contact pressure
Q = Shape factor for elliptical crack
R =

√
x2 + y2

r = Radius of contact patch expressed as 1b, 2b, 3b

v = Poisson’s ratio
ui, vi, wi = Displacements of crack face nodes in the mode I, II, and III

directions
xd = Distance between crack and load edge
θ = Angle of crack inclination toward the vertical
φ = Position along crack front

for KI for a polynomial stress distribution that could be explained
by the equation:

σxx = σ
(x

a

)m (y
b

)n
[1]

where the stress state is normal to the crack and n and m are con-
stants whose sum is less than 4.

Kaneta and Murakami (18) investigated the penny crack by
using the body force method. Their mode I SIFs occasionally
went negative, due to a neglect of crack closure, when the contact
patch started to go over the load. Kaneta, et al. (19) also visited
the problem of an inclined subsurface penny crack subjected to
line contact loading to investigate subsurface crack growth under
RCF.

FEA would also be used for analysis for a similar family of
crack problems. Komvopoulos and Cho (20) used 2D FEA to
simulate a subsurface plane strain crack that was parallel to the
surface under sliding asperity contact. Zhang, et al. (21) also used
FEA but for the analysis of two vertical surface cracks under con-
tact loading in 2D. Kojima (22) used 2D FEA to analyze the an-
gled surface crack under contact loading with a viscous lubricant
to penetrate the crack. For the case of cone cracks with an in-
ternal circularly symmetric load, FEA was used to find the worst
“crack angle” and the “critical flaw” size as determined by what
causes the SIFs to reach the Keff to initiate fatigue (Warrier,
et al. (23)).

Fletcher and Beynon (24), (25) applied their work to calcu-
lating SIFs for the specific case of contact loading for inclined
cracks. Their method for calculating SIFs involved edge Green’s
functions presented graphically in the works of Rooke, et al. (26),
which must then be integrated based on the amount of crack
opening. The method uses an approximation of an infinitely wide
crack to calculate SIFs for the deepest point of a semicircular sur-
face crack. Problematically, this point may not be where the high-
est SIFs occur along the crack front depending on the depth of the
crack (Newman and Raju (27)).

Reflecting on these prior works, we see some limitations in
applying them to practical RCF problems. Real RCF produces
a complex stress field that is not easily characterized by many
of the above methods. In many cases KI is sometimes supplied
as a negative number, which, though physically impossible, has
often gone unmentioned; that is, effects of crack closure have
been ignored. If KI is supplied, KII or KIII may not be supplied
even though all modes of crack tip deformation are present and
contributing to mixed-mode crack growth. Also, the problem re-

quires a 3D analysis, which rules out much of the prior work. Be-
yond this, previous results were often not generalized and case
specific. The preexisting surface flaws present in silicon nitride
balls are typically partial cone cracks or c-cracks (Hadfield, et al.
(2)) and their 3D crack geometry was described by Levesque and
Arakere (7). The c-cracks have nonplanar crack faces but also
possess nonplanar crack tips, making their shape more difficult
to describe and therefore more difficult to analyze in any linear
elastic fracture mechanics (LEFM)-based analysis. In this work,
we present comprehensive results for the calculation of SIFs for
semi-elliptical cracks in brittle materials under RCF. In a follow-
up article (Levesque and Arakere (28)), we will present a com-
parison of SIFs for partial cone or c-cracks and semi-elliptical
cracks subject to circular and elliptical RCF that shows that use
of semi-elliptical crack with circular contact leads to conservative
estimates for SIFs and critical flaw size, required for defining lim-
its for nondestructive evaluation methods for silicon nitride ball
quality control. The results generated are of immediate engineer-
ing relevance to the hybrid ball bearing industry toward evalu-
ating critical flaw size (Levesque and Arakere (28)) and for de-
veloping a fracture mechanics–based life prediction methodology
for hybrid bearings. The empirical curve fits will also be of rele-
vance to other areas of component design where contact-initiated
fatigue damage is important, such as gears, roller bearings, and
railway wheels.

ANALYSIS

A detailed investigation of SIFs for a semi-elliptical flaw
under rolling contact fatigue can only be properly done in 3D.
This implies a 3D FEA analysis, as any analytical method would
quickly become intractable under this complex stress state. We
have modeled the semi-elliptical crack for different aspect ratios,
orientations of load, radius of load, and angles to the surface.
The resulting trends are plotted and are fitted to equations for
ease of use.

The FEA model has been created using either
FRANC3D/NG, as developed by the Fracture Analysis Consul-
tants (29) or ABAQUS (Desault Systemes (30)). FRANC3D/NG
makes it easier for the user to create meshes of cracked bodies
with limited control of the mesh density. The mesh density is
critical for both the accurate calculation of the crack tip opening
displacements and for capturing the stress gradients of the
Hertzian contact.
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Empirical Stress Intensity Factors 623

Fig. 1—Illustration of contour integral and displacement correlation vari-
ables in the neighborhood of a two-dimensional crack.

SIF extraction from the FE crack mesh is feasible through a
few methods such as stress matching (Anderson (31)) and vir-
tual crack extension (Anderson (31)), but the most appropriate
approach for our analyses is via crack tip opening displacement
(CTOD) correlation because it accounts for the effects of all
physical phenomena (Aliabadi and Rooke (32)). The J -integral
implementation in commercial codes has yet to adequately ac-
count for traction arising from crack face contact during closure.
Rice’s (33) J -integral formulation is given by

J =
∫
�

wdy − Ti
∂u
∂x

ds [2]

where the variables are defined in Fig. 1. The traction term, Ti ,
is not evaluated in ABAQUS v. 6.7-1 (Desault Sytemes (30))
even if contact elements are used on the crack faces to discern
closure and traction forces.1 To avoid errors from this issue, in
this instance, it is convenient to resort to CTOD correlation for
computing SIFs, rather than use J -integral decomposition or the
M-integral in FRANC3D/NG (Bank, et al. (34)). The intricacies
of evaluating SIFs for 3D surface cracks subject to RCF includ-
ing effects of crack closure and traction are covered in detail in
a companion paper by Levesque and Arakere (28). The SIFs are
calculated by using a displacement correlation technique as de-
scribed by the equations:

KI = E
4(1 − v2)

√
2π

r
(u1 − u2) [3]

KII = E
4(1 − v2)

√
2π

r
(v1 − v2) [4]

KIII = E
4(1 − v2)

√
2π

r
(w1 − w2) [5]

Quadratic elements are required by the displacement correla-
tion method for calculating SIFs because the insertion of a quar-

1 The neglect of the traction term for contacting crack faces is not men-
tioned in Desault Ssytemes (30).

Fig. 2—Model configuration displaying orientation of load and defining
variables θ, φ, and xd.

ter point element greatly increases the accuracy of the model
without a dramatic increase in mesh density. To reduce the size
of the problem we utilize a technique referred to as submodel-
ing, where we apply displacements to the boundary of a small
cracked block to simulate its being a part of a much larger half-
space (Desault Systemes (30)). The contact load is applied to the
surface with FORTRAN user subroutines DLOAD (and UTR-
ACLOAD) for ABAQUS (see Fig. 2). We apply this load up
until the edge of the crack but not over the crack, because this
would cause the applied pressure to be inaccurate (Rice (33)).
Also, crack closure would result (Fujimote, et al. (35)) and the
model would then require a contact algorithm on an already large
fracture model with quadratic elements that would be accurate
enough to yield crack tip displacements.

Crack Geometry

Surface cracks can have a variety of shapes. Cone cracks have
received much attention in the literature (Mackerle (36)). Par-
tial cone cracks are reviewed in separate papers by Levesque and
Arakere (7), (28) and have also been the subject of some anal-
yses (Hadfield, et al. (2), (37); Wang and Hadfield (38); Zhao,
et al. (39)). Penny cracks seem to be the simplest to mesh and
simulate in a 3D FEA analysis. Additionally, we have shown that
penny cracks subject to circular RCF result in the highest SIFs
(Levesque and Arakere (28)).

However, if we were to limit our attention to the family of pos-
sible half-penny surface flaws, we are left with only two features
that can be altered, aspect ratio and angle toward the surface. We
have analyzed five aspect ratios (a/b = 0.2, 0.4, 0.6, 0.8, and 1)
under three different angles (θ = 0◦, 45◦, and 60◦).

Orientation of Load

As a surface flaw is subjected to RCF, a load is set in a direc-
tion across the free surface of the cracked body. In application,
this pass of a load will happen repeatedly, subjecting the part to
cyclic loading. As the load is approaching the load’s relative ori-
entation generates a different set of SIFs at each instant, there is
one orientation (for a given load size and magnitude) that pro-
duces the highest SIFs along the crack front. It is this orientation
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Fig. 3—KI for a single load geometry with and without contact defined.

that is of most interest for a design analysis that would determine
whether the SIFs reach a critical value to induce fracture, Kc; ini-
tiate fatigue, Keff ; or will direct a growth analysis, �Keff .

In some orientations of load, the crack faces interpenetrated
when contact was not defined, indicating that crack closure oc-
curred. The interpenetration resulted in a negative KI stress in-
tensity factor but KII and KIII remained identical. Figure 3 com-
pares KI along the crack front, with and without contact defined.
Reflection indicates that simply setting the KI = 0 when KI < 0 is
conservative under conditions of crack closure. It must be noted
that the coefficient of friction for contact elements between the
crack faces was set to zero. For non-zero friction between the
crack faces it is possible that closure might couple modes of defor-
mation. Herein, we have implemented displacement correlation
and this procedure will be discussed in a future work on modeling
concerns for these types of problems.

Though the tensile region is maximal on the periphery of the
contact patch in an uncracked body (according to the stress so-
lution) this does not necessarily mean that this same position is
where the maximum SIFs will occur. So, to find the worst-case
load orientation we perturbed the distance between the contact
patch edge and the crack center at the surface and calculated Ks
for these orientations. The SIFs of multiple contact patch posi-
tions relative to the crack were compared and the highest SIFs
were chosen for curve fitting. These distances for each model are
given in Table 1. We noticed that this distance tends to decrease
as load size is increased and as crack aspect ratio decreases (and
the crack tip is generally closer to the surface) for the more ver-
tical cracks (because this allows their tip to be more generally
located in the small tensile region about the contact).

Load

RCF can have multiple different shapes of pressure distribu-
tion, but if the two contacting bodies can be characterized with
two radii of curvature each, as in a Hertzian contact, then the
contact patch will be elliptical. For bodies whose radii of curva-
ture are identical the contact patch is circular and its pressure dis-

TABLE 1—THE DISTANCES IN UNITS OF b (THE CRACK SEMI-
WIDTH) FROM THE CRACK ON THE SURFACE, TO THE CONTACT

PERIPHERY WHERE THE KI WAS FOUND TO REACH A MAXIMUM

r = 1b 2b 3b

θ = 0◦, a/b = 1.0 1.3 1.0 0.875
θ = 0◦, a/b = 0.8 1.3 0.875 0.875
θ = 0◦, a/b = 0.6 1.1 0.875 0.875
θ = 0◦, a/b = 0.4 0.95 0.625 0.75
θ = 0◦, a/b = 0.2 0.95 0.625 0.625
θ = 45◦, a/b = 1.0 1.0 0.625 0.5
θ = 45◦, a/b = 0.8 1.25 0.5 0.5
θ = 45◦, a/b = 0.6 1.25 0.5 0.5
θ = 45◦, a/b = 0.4 1.25 0.5 0.375
θ = 45◦, a/b = 0.2 1.25 0.5 0.375
θ = 60◦, a/b = 1.0 0.0 0.0 0.0
θ = 60◦, a/b = 0.8 0.0 0.0 0.0
θ = 60◦, a/b = 0.6 0.0 0.0 0.0
θ = 60◦, a/b = 0.4 0.0 0.0 0.0
θ = 60◦, a/b = 0.2 0.0 0.0 0.0

tribution is

P(x, y) = po

√
1 − R2 [6]

It is important to note that the radial tensile stress region at
the edge of contact is both small and quickly decays with increas-
ing depth into the material. Also, the decay of the stress clearly
shows that the stress state is quite far from anything that can be
considered as far-field. The absence of a clearly identifiable far-
field stress seen by the crack makes the curve fits more compli-
cated than those employed by the widely referenced paper by
Newman and Raju (27).

We provide empirical equations for circular loading of penny
cracks at a few angles. The range of size of circular loads has been
nondimensionalized with respect to the crack half-width and has
been analyzed for the r = 1b, 2b, and 3b cases, which we feel
should cover the majority of cases that would be of engineering
interest. The data obtained from FEA were fit to the equations:

KI = po
(
a1 + a2x + a3x2 + a4x3 + a5x4) gf φ

√
π

a
Q

[7]

KII = po
(
b1 + b2x + b3x2 + b4x3 + b5x4) gf φ

√
π

a
Q

[8]

KIII = po
(
c1 + c2x + c3x2 + c4x3 + c5x4) gf φ

√
π

a
Q

[9]

In this way, the results can be easily fit with very little error
(∼0.5%) by varying the polynomial coefficients ai , bi , and ci and
can be easily nondimensionalized. We note that when a/b ≤ 1, Q
is approximated by the equation:

Q = 1 + 1.464
(a

b

)1.65
[10]

Also,

g = 1 + 0.1(1 − sin φ)2 [11]

f φ =
[(a

b

)2
cos2 φ + sin2 φ

] 1
2

[12]
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TABLE 2—COEFFICIENTS FOR ALL PARAMETRIC CASES FOR KI ,
KII , AND KIII FOR θ = 0◦

θ = 0◦ a/b r a5 a4 a3 a2 a1

KI 1 1b 0.00057 −0.00152 0.00233 −0.00027 0.00209
2b 0.00160 −0.00449 0.00743 −0.00082 0.00529
3b 0.00326 −0.00928 0.01603 −0.00172 0.01017

0.8 1b 0.00631 −0.00882 0.00516 −0.00059 0.00240
2b 0.01813 −0.02534 0.01571 −0.00173 0.00654
3b 0.03734 −0.05212 0.03330 −0.00359 0.01313

0.6 1b 0.01528 −0.02003 0.00842 −0.00108 0.00250
2b 0.04472 −0.05859 0.02521 −0.00318 0.00712
3b 0.09423 −0.12337 0.05377 −0.00671 0.01478

0.4 1b 0.01711 −0.02316 0.00882 −0.00120 0.00232
2b 0.05121 −0.06928 0.02663 −0.00361 0.00688
3b 0.10771 −0.14566 0.05629 −0.00760 0.01439

0.2 1b −0.00905 0.00734 −0.00285 0.00021 0.00181
2b −0.02741 0.02232 −0.00860 0.00063 0.00546
3b −0.05815 0.04745 −0.01823 0.00135 0.01153

θ = 0◦ a/b r b5 b4 b3 b2 b1

KII 1 1b −0.00005 0.00059 −0.00135 0.00011 0.00043
2b −0.00011 0.00167 −0.00400 0.00030 0.00130
3b −0.00027 0.00369 −0.00867 0.00063 0.00286

0.8 1b 0.00167 −0.00220 −0.00033 −0.00009 0.00027
2b 0.00517 −0.00691 −0.00083 −0.00031 0.00078
3b 0.01093 −0.01453 −0.00185 −0.00065 0.00167

0.6 1b 0.00260 −0.00398 0.00072 −0.00020 0.00015
2b 0.00788 −0.01206 0.00224 −0.00062 0.00042
3b 0.01667 −0.02550 0.00476 −0.00132 0.00086

0.4 1b −0.00058 −0.00043 −0.00017 −0.00006 0.00007
2b −0.00190 −0.00114 −0.00055 −0.00018 0.00018
3b −0.00423 −0.00215 −0.00124 −0.00036 0.00037

0.2 1b −0.00502 0.00535 −0.00209 0.00023 0.00001
2b −0.01555 0.01661 −0.00647 0.00071 0.00003
3b −0.03324 0.03555 −0.01384 0.00152 0.00006

θ = 0◦ a/b r c5 c4 c3 c2 c1

KIII 1 1b −0.00072 0.00206 −0.00129 −0.00047 −0.00003
2b −0.00215 0.00613 −0.00383 −0.00136 −0.00009
3b −0.00457 0.01299 −0.00804 −0.00290 −0.00019

0.8 1b −0.00349 0.00719 −0.00367 −0.00026 −0.00002
2b −0.01045 0.02144 −0.01095 −0.00071 −0.00007
3b −0.02215 0.04527 −0.02312 −0.00145 −0.00015

0.6 1b −0.00218 0.00543 −0.00275 −0.00041 −0.00001
2b −0.00651 0.01619 −0.00823 −0.00121 −0.00004
3b −0.01380 0.03416 −0.01738 −0.00250 −0.00009

0.4 1b 0.00440 −0.00286 0.00054 −0.00079 0.00000
2b 0.01361 −0.00898 0.00172 −0.00242 −0.00001
3b 0.02883 −0.01913 0.00369 −0.00510 −0.00001

0.2 1b 0.01197 −0.01271 0.00448 −0.00119 0.00001
2b 0.03696 −0.03926 0.01385 −0.00369 0.00004
3b 0.07848 −0.08338 0.02941 −0.00783 0.00009

Though the fit uses components of the Newman and Raju (27)
fit, it is more involved because of the complex 3D subsurface
stress field and the steep stress gradients at the edge of contact
to crack tip. The coefficients for these cases are provided in Ta-
bles 2–4.

RESULTS AND CONCLUSIONS

As a consequence of running these analyses for different as-
pect ratios and angles we can see a few notable trends as a result.

TABLE 3—COEFFICIENTS FOR ALL PARAMETRIC CASES FOR

KI , KII , AND KIII FOR θ = 45◦

θ = 45◦ a/b r a5 a4 a3 a2 a1

KI 1 1b 0.03069 −0.06817 0.05008 −0.01249 0.00783
2b 0.05798 −0.12787 0.10044 −0.02374 0.01392
3b 0.06165 −0.13609 0.11087 −0.02560 0.02027

0.8 1b 0.25896 −0.37265 0.16790 −0.02668 0.00796
2b 0.47901 −0.68372 0.32295 −0.04879 0.01569
3b 0.50815 −0.72296 0.34653 −0.05168 0.02271

0.6 1b 0.01294 −0.01710 0.00755 −0.00106 0.00249
2b 0.32412 −0.36314 0.13671 −0.01950 0.01478
3b 0.12658 −0.08750 0.02082 −0.00246 0.02104

0.4 1b 0.08439 −0.06357 0.00203 −0.00421 0.00718
2b 0.14478 −0.15116 0.04963 −0.00780 0.01204
3b 0.09795 −0.10360 0.03560 −0.00500 0.02300

0.2 1b 0.02247 0.00565 −0.02538 −0.00281 0.00998
2b −0.01594 0.02200 −0.01337 −0.00007 0.01610
3b −0.03883 0.04039 −0.01662 0.00126 0.02068

θ = 45◦ a/b r b5 b4 b3 b2 b1

KII 1 1b −0.02901 0.05987 −0.07188 0.01255 0.04438
2b −0.02804 0.06717 −0.09026 0.01562 0.05196
3b −0.02127 0.06061 −0.08914 0.01507 0.04856

0.8 1b −0.15705 0.17951 −0.14463 0.01446 0.04219
2b −0.08488 0.07200 −0.10265 0.00823 0.04500
3b 0.00015 −0.02817 −0.05834 0.00234 0.03989

0.6 1b 0.00480 −0.00766 0.00272 −0.00063 0.00019
2b 0.97142 −1.49346 0.60414 −0.10156 0.03866
3b 1.02226 −1.53021 0.62327 −0.10318 0.03278

0.4 1b −0.08691 0.12303 −0.13284 0.00258 0.02877
2b −0.01543 −0.05833 −0.02924 −0.00684 0.02684
3b 0.05186 −0.12077 0.00423 −0.00754 0.01685

0.2 1b −0.17706 0.30827 −0.18665 0.00855 0.01485
2b 0.06102 −0.06311 −0.02082 −0.00388 0.00863
3b 0.12743 −0.16371 0.03198 −0.00820 0.00413

θ = 45◦ a/b r c5 c4 c3 c2 c1

KIII 1 1b −0.02890 0.10038 −0.09167 −0.00947 −0.00268
2b −0.02893 0.11510 −0.10462 −0.01713 −0.00316
3b −0.02652 0.10900 −0.09448 −0.01920 −0.00290

0.8 1b −0.09734 0.25130 −0.16807 −0.00512 −0.00214
2b −0.03831 0.21799 −0.16516 −0.01420 −0.00229
3b −0.01420 0.18514 −0.14208 −0.01526 −0.00202

0.6 1b 0.00117 0.00032 −0.00057 −0.00048 −0.00001
2b 0.10361 0.00956 −0.05369 −0.01667 −0.00096
3b 0.04763 0.10309 −0.09433 −0.00746 −0.00105

0.4 1b 0.25381 −0.26703 0.08972 −0.03561 −0.00028
2b 0.39896 −0.42784 0.15003 −0.04753 −0.00017
3b 0.56860 −0.61293 0.22239 −0.05780 0.00015

0.2 1b 0.17767 −0.13319 0.05089 −0.05330 −0.00111
2b 0.16738 −0.15268 0.04809 −0.03087 −0.00064
3b 0.17233 −0.16379 0.05305 −0.02531 −0.00044

Firstly, the location along the crack front where the SIFs are the
highest can change based on crack depth and angle. Generally,
the shallower cracks can have their SIFs toward the crack center,
whereas the deeper cracks tend to have their SIFs highest near
the surface.

For a single load size the worst-case crack is not obvious.
Figures 4–6 provide KI for each load size for all 15 modeled ge-
ometries. By reflecting on the results, we see that the θ = 45◦,
a/b = 1 case has the highest SIFs for the r = 2b and 3b cases.
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626 G. LEVESQUE AND N. K. ARAKERE

TABLE 4—COEFFICIENTS FOR ALL PARAMETRIC CASES FOR

KI , KII , AND KIII FOR θ = 60◦

θ = 60◦ a/b r a5 a4 a3 a2 a1

KI 1 1b 0.00022 0.00219 −0.00166 0.00151 0.01305
2b −0.00154 0.00912 −0.00541 0.00388 0.02207
3b −0.00407 0.01589 −0.00991 0.00569 0.02850

0.8 1b 0.00580 0.00104 −0.00646 0.00132 0.01405
2b −0.00649 0.02848 −0.01860 0.00504 0.02342
3b −0.02152 0.05393 −0.03099 0.00769 0.02959

0.6 1b −0.00992 0.02657 −0.02304 0.00145 0.01485
2b −0.04943 0.07986 −0.04148 0.00617 0.02394
3b −0.07570 0.11359 −0.05482 0.00858 0.02964

0.4 1b 0.19388 −0.20215 0.05007 −0.01112 0.01417
2b 0.18599 −0.22079 0.07396 −0.01166 0.02164
3b 0.12169 −0.15525 0.05367 −0.00837 0.02604

0.2 1b 0.13338 −0.10915 0.00607 −0.00692 0.01262
2b 0.08585 −0.09914 0.02550 −0.00562 0.01888
3b 0.01541 −0.03383 0.00914 −0.00297 0.02266

θ = 60◦ a/b r b5 b4 b3 b2 b1

KII 1 1b −0.00062 −0.00185 −0.00699 −0.00085 0.01279
2b 0.00082 −0.00312 −0.00757 −0.00122 0.00995
3b 0.00176 −0.00287 −0.00670 −0.00122 0.00437

0.8 1b 0.00520 −0.02522 −0.00543 −0.00325 0.01226
2b 0.01770 −0.04188 0.00250 −0.00464 0.00800
3b 0.02757 −0.04846 0.00790 −0.00505 0.00245

0.6 1b 0.04532 −0.07520 0.00876 −0.00680 0.01044
2b 0.04845 −0.08291 0.01570 −0.00701 0.00509
3b 0.04929 −0.07602 0.01641 −0.00641 −0.00023

0.4 1b −0.15883 0.19031 −0.11165 0.00839 0.00678
2b 0.11770 −0.17533 0.04090 −0.00955 0.00119
3b 0.31135 −0.40073 0.13295 −0.02029 −0.00317

0.2 1b −0.36183 0.47099 −0.22470 0.02001 0.00731

2b −0.05244 0.05544 −0.05487 0.00289 0.00191
3b 0.15749 −0.19656 0.04810 −0.00870 −0.00180

θ = 60◦ a/b r c5 c4 c3 c2 c1

KIII 1 1b 0.00218 −0.00133 0.00088 −0.01215 −0.00111
2b 0.00378 −0.00180 0.00232 −0.01097 −0.00098
3b 0.00263 0.00168 0.00087 −0.00567 −0.00056

0.8 1b 0.03250 −0.03575 0.01271 −0.01721 −0.00131
2b 0.04629 −0.04433 0.01722 −0.01513 −0.00107
3b 0.03760 −0.02715 0.01109 −0.00829 −0.00060

0.6 1b 0.06033 −0.05899 0.01928 −0.02105 −0.00187
2b 0.06898 −0.05935 0.02020 −0.01772 −0.00148
3b 0.05150 −0.03334 0.01189 −0.01070 −0.00087

0.4 1b 0.37372 −0.38473 0.14244 −0.05317 0.00015
2b 0.60388 −0.64698 0.23694 −0.05732 0.00054
3b 0.59932 −0.63865 0.23462 −0.04821 0.00062

0.2 1b 0.49753 −0.49000 0.18141 −0.06698 0.00012
2b 0.82548 −0.87869 0.31396 −0.07222 0.00066
3b 0.82666 −0.88589 0.31707 −0.06345 0.00078

In these situations, the highest SIFs occur near the free surface.
For the r = 1b case, the θ = 60◦, a/b = 0.2 case has significantly
higher KII and KIII components and this occurs at the deepest
portion of the crack. Neither of these observations is intuitive. In
fact, they display that it is not always the steepest or the longest
of cracks that will have the highest SIFs under a given load but
rather an interesting combination thereof that varies with load
size.

The variation of SIFs across the crack front also brings many
issues in terms of crack growth. For example, if the highest
SIFs are produced by a certain geometry crack and these SIF
values are largest near the free surface, if this crack grows it

Fig. 4—KI along the crack front for all variations of crack angle and depth for r= 1b.
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Fig. 5—KI along the crack front for all variations of crack angle and depth for r = 2b.

will grow wider on the surface rather than into the depth. Then
the geometry may become one that yields relatively lower SIFs
than its former shape. This means the crack that produces the
highest SIFs, for a given geometry and load, may not be the worst
geometry crack under RCF because its shape evolution affects

its SIFs and so the worst crack geometry is something that we
intend to revisit in a future work.

Figures 4 to 6 contain every model created for each of the
three types of load. The trends between models of the same an-
gle but different depths are quite smooth and are reflective of

Fig. 6—KI along the crack front for all variations of crack angle and depth for r = 3b.
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628 G. LEVESQUE AND N. K. ARAKERE

the transitions of the stress state because a crack is longer. The
trends between cracks of different angles are less obvious because
the change in angle places the cracks in a different part of the
stressed state. Quite surprisingly, the trends in r= 3b seem smooth
between all 15 models graphed even though the load orientation
may not be identical for all models and the tip location may be
quite different. This trend is observed because the larger contact
patch produces lower stress gradients.

CONCLUSIONS

Three-dimensional FEA was performed on a parametric vari-
ation of semi-elliptical flaws under circular RCF patches to pro-
vide a set of comprehensive empirical equations for mixed-mode
SIFs applicable in the hybrid ball bearing industry and other con-
tact fatigue applications. Modeling concerns have been addressed
and a modeling framework has been provided for analyzing sur-
face cracks under RCF. The parametric variations of load size,
crack angle, and crack depth displayed several interesting trends
including the type of cracks that provide the highest SIFs for the
given load geometry, which is neither the deepest crack nor the
steepest crack all the time. The computational effort involved in
evaluating mixed-mode SIFs for surface cracks subject to RCF
are substantial because of multiple levels of mesh refinement re-
quired at the 3D contact and crack edge. The comprehensive and
accurate (∼0.5% error) empirical equations for the KI , KII , and
KIII SIFs presented are of immediate engineering relevance to
the hybrid silicon nitride ball bearing industry toward evaluating
critical flaw size and for developing a fracture mechanics–based
life prediction methodology. These curve fits are expected to have
wider interest to other areas of component design where contact-
initiated fatigue damage is important, such as gears, roller bear-
ings, and railway wheels, and of general academic interest in frac-
ture and contact mechanics.
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