CHAP 6 FINITE ELEMENTS
FOR PLANE SOLIDS




CST ELEMENT

« Constant Strain Triangular Element

Decompose two-dimensional domain by a set of triangles.
Each triangular element is composed by three corner nodes.

Each element shares its edge and two corner nodes with an adjacent
element

Counter-clockwise or clockwise node numbering
Each node has two DOFs: u and v

displacements interpolation using the shape functions and nodal
displacements.

Displacement is linear because three nodal data are available.
Stress & strain are constant.




CST ELEMENT cont.

« Displacement Interpolation

— Since two-coordinates are perpendicular, u(x,y) and v(x,y) are
separated.

— u(x,y) needs to be interpolated in terms of u,, u,, and us,
and v(x,y) in terms of v,, v,, and v;.

— interpolation function must be a three term polynomial in x and y.

— Since we must have rigid body displacements and constant strain
terms in the interpolation function, the displacement interpolation must

be of the form
{U(X,Y) = Qq + QX + agy
V(X,y)= By + BaX + B3y
— The goal is how to calculate unknown coefficients a;and B8, i =1, 2, 3,
in terms of nodal displacements.

u(x,y) = Ny(x,y)uy + Nao(x,y)uy + N3(x,y)us




CST ELEMENT cont.

« Displacement Interpolation
— X-displacement: Evaluate displacement at each node
- U(Xy, Y1) = Uy = aq + apXq + agy
1U(X2,Y2) = Uy = oy + apXp + azo
(U(X3,Y3) = Uz = o + apX3 + 3Y3

— In matrix notation

Uy 1T X4 y1|| oy
=11 X2 Yolian;
uz| |1 X3 y3||los)

— Is the coefficient matrix singular?




— where

1 X1
1 X9

1 X3

i = XoY3 — X3Y,
1 = X3¥1 — X4¥3,
3 = X1¥2 — XoV1,

— Area:
: 1 X
A — Edet 1 X2
1 X3

CST ELEMENT cont.

« Displacement Interpolation

-_1 _

Y1 Uy | 1
Yo | U2 ~ %A
Y3| U3z]
by =y, — Y3,
by = y3 —ys,
by = y1— Yo,

Y1
Yo
Y3

f, f3
by b, bs|iu;
G4 Cp C3||U3)

C1 = X3 — Xp
Co = X1 — X3
C3:X2—X1




CST ELEMENT cont.

Qg = fiuy + Hu, + fu;)

2A(

Qg = ﬂ(bM + bouy + bsus)

Qg = CqUy + Coly + C3U3)

2A(
* |nsert to the interpolation equation

u(x,y) = aq + axX + agy

1
=52 | (fuy + Huy + fuz) + (biy + bouy + byuz )X 4 (C4uy + CoUp + C3U3 )Y |

1 TN

5 A > (h +bx + cry ) uy N, (X,y)

//\

n ﬂ(fz + byX + Coy ) Uy Ny(X,y)

1
+ ﬂ(fs FhyXx + s N

N3(X’y)




CST ELEMENT cont.

Displacement Interpolation
— A similar procedure can be applied for y-displacement v(x, y).

m
1
u(x,y)=[N; N, NiJiu,! N1(Xy) o4+ X +cry)
o N Lt + box + coy)
v, 1Na(x,y) = 5A 2 T DX + Coy
)= Ne NaliVa Ny (xy) = 5l + byx + o)
V3

Shape Function

— N,, N,, and N; are linear functions of x- and y-coordinates.

— Interpolated displacement changes linearly along the each coordinate
direction.




CST ELEMENT cont.

« Displacement Interpolation

— Matrix Notation Uy ]
Vi

{u}z{u}:ll\h 0O N, 0O N; O | U2

V O N, O N, O N;jlv,

Uz

[ v
u(x,y)y = [N(x,y)]{q}\‘/

— [N]: 2x6 matrix, {q}: 6x1 vector.

— For a given point (x,y) within element, calculate [N] and multiply it with
{q} to evaluate displacement at the point (x,y).




CST ELEMENT cont.

Strain Interpolation
— differentiating the displacement in x- and y-directions.
— differentiating shape function [N] because {q} is constant.

ov

. _ou_ 90
T Ox Ox
. o_ov_0
yy_@y_c?y
:8u+
%(y_(?y ox

N;(x,y)u;

e
—

3

ZN/'(X,Y)V/

=1

3

Ni(x,y) =

1
ﬂ(ﬁ + bix + ¢q1y)

1
1N (x,y) = ﬂ(fz + boX + Coy)

1
N3(x,y) = ﬂ(fs + b3x +C3y)




CST ELEMENT cont.

« Strain Interpolation

ou U
Ox b 0 b, 0 by 0]
ov 1 Us
{e} =+ ay =570 ¢ 0 ¢ 0 %1, - = [B){q}
2
ou v ¢, by ¢, by, c3 b3 UL
[y Ox] V3 |

— [B] matrix is a constant matrix and depends only on the coordinates of
the three nodes of the triangular element.

— the strains will be constant over a given element




CST ELEMENT cont.

* Property of CST Element

Since displacement is linear in x and y, the triangular element deforms
into another triangle when forces are applied.

an imaginary straight line drawn within an element before deformation
becomes another straight line after deformation.

Consider a local coordinate € such that £ =0 at Node 1 and ¢ = a at
Node 2.

Displacement on the edge 1-2:

{U(f) = Y1 +72€
V(€)= 73 + 74é

3

1
Since the variation of displacement is linear, /\‘ &
the displacements should depend only on 2

u, and u,, and not on u,.

11




CST ELEMENT cont.
* Property of CST Element
KU(§)= _§ U1+§U2:H1(§)U1+H2(§)U2 y\~

| a a 1 X 5
v(§) = —g V1+§V2:H1(5)V1+H2(§)V2 3
 Inter-element Displacement Compatibility 2

— Displacements at any point in an element can be computed from nodal
displacements of that particular element and the shape functions.

— Consider a point on a common edge of two adjacent elements, which
can be considered as belonging to either of the elements.

— Then the nodes of either triangle can be used in interpolating the
displacements of this point.

— However, one must obtain a unique set of displacements independent
of the choice of the element.

— This can be true only if the displacements of the points depend only on
the nodes common to both elements. 12




EXAMPLE - Interpolation

* nodal displacements
{uy, V4, Uy, Vy, Ug, Vg, Uy, V= {~0.1, 0, 01 0,-0.1,0, 0.1, 0}

* Element 1: Nodes 1-2-4
(0,1) (1,1)
X1 = O X2 - X3 = O @ @
y,] = O y2 — y3 :1
f1 :1 2 = O f3 = O 2
b1 = —1 b2 :1 b3 — O
C1 = _1 CZ — C3 :1 1
N (x,y)=1—x—y D ©)
N,(X,y) =X 0 0
N3(X,Y) — y 85(1)() = aum = O 2
3 OX
dOy) = 2N =02y =1y 0
oy
X, N V ~00 (1) (1)
vO(x,y) = Z m_ U NV 45




EXAMPLE - Interpolation cont.

by
Element 2: Nodes 2-3-4
(0,1) (1,1)
X, =1 X, =1 X, =0 3
Y= 0 Y, =1 Ys =1
f, =1 f=-1  f,=1 2
b, =0 b, = b, = —1
c,=-1 C, = c, =0 1
N1(X7y) :1_y @ @
- X
N,(Xy)=x+y-1 (0,0) (1,0)
N3(X’y) 1 X
(2)
; @ =M _ g0
u?(x,y) = ZN (X, y)u, = 0.1(3 —2x - 2y) OX
=1 @ _ v
3 € = PVl 0.0
v (x,y) =D N(xy)v;=0.0 y
7 ou?  ay®
o) = + =-0.2
oy OX

Strains are discontinuous along the element boundary




PRINCIPLE OF MINIMUM POTENTIAL ENERGY
» Strain Energy

— energy that is stored in the structure due to the elastic deformation

U = %fff (YT {o}dV = gff{a}T{a}dA

volume area

=2 [[E@cKe oA

area

— h: thickness, [C] = [C,] for plane stress, and [C] = [C,] for plane strain.
— stress and strain are constant throughout the thickness.
— The linear elastic relation {0} = [C]{€} has been used in the last relation.

15




PRINCIPLE OF MINIMUM POTENTIAL ENERGY cont.
« Potential Energy of Applied Loads

— Force acting on a body reduces potential to do additional work.
— Negative of product of the force and corresponding displacement
— Concentrated forces

ND
V= —Z el
i—

— F;and q; are in the same direction
— Reaction force does not have any potential (because q; = 0)
— Distributed forces (pressure load) acting on the edge

V——hf(Tu+Tv)dS

——hf[u v]| } Z . "

— —hf{u}T{T}dS )_y 7
Sr Y

16




PRINCIPLE OF MINIMUM POTENTIAL ENERGY cont.

« Total Potential Energy
— Net energy contained in the structure
— Sum of the strain energy and the potential energy of applied loads

vy

* Principle of Minimum Potential Energy

— The structure is in equilibrium status when the potential energy has a
minimum value.

oIl Ol1 OI1 O11
{8{U}O} AUy =0 " Ou, 0- Duy =0

——> Finite Element Equation

17




CST ELEMENT cont.
« Strain Energy: yt) — g L [ () [CHe}aA®

= 240 [[BIE.o[Cl.a[Bls. dA®)
A

1
=5 {99} [k®g,6{q")}

— Element Stiffness Matrix: |[k(¢)] = hA[B]"[C][B]

— Different from the truss and beam elements, transformation matrix [T]

IS not required in the two-dimensional element because [K] is
constructed in the global coordinates.

« The strain energy of the entire solid is simply the sum of the
element strain energies

assembly

NE
U= ZU( ZZ{q e)}T[k ]{q © } |:> U= _{QS}T[KS]{QS}
e=1

18




CST ELEMENT cont.

« Potential energy of concentrated forces at nodes

V——Z(F.XU.+F v;)=—{Q,} {F\}

iy Vi

{FN}:[F1X |:1y |:NDX FNDY]T

« Potential energy of distributed forces along element edges
— Surface traction force {T} = [T,, T,]” is applied on the element edge 1-2

= —h j fu(s)} {T(s)}ds = —{d}"h j [H(s)]"{T(s)} ds
y {d} _[ Vi U Vz]

, O
0 H,

AN ——

T =111

19




* Rewrite with all 6 DOFs
V= —{q ) h [ IN(S)I'{T(s

[N] =

[|—s
|

0

CST ELEMENT cont.

o 3

<= o

0

S
I

0 O

0 O

 (Constant surface traction

("} =h[ INI"{T}ds =],

(I-s)/I
0
s/l
0
0
0

Work-equivalent nodal forces

0
(I-s)/1
0
s/l
0
0

Equally divided to two nodes

T

)yds =—{q"} {£;")

a2 )

y

T,
Ty
hi|T,
2T
0
0;

>~

20




CST ELEMENT cont.

| hIT, /2

2

* Potential energy of distributed forces of all elements

V=3 Q) () = ~{Q,) {F )

hIT /2

21




CST ELEMENT cont.

« Potential energy of body forces
— distributed over the entire element (e.g. gravity or inertia forces).

V© = —h|[[u v]{EX}dA =—{q}"h][IN]" dA {EX}

= —{q“} {f*} 1 0 b,
0 1 b,
1 0||b b
1oy =2 <L PA 15|
. 310 1||b,] 3 b,
 Potential energy of body S A
forces for all elements 0 1 bx
i | y

V=D () =@ )

22




CST ELEMENT cont.
Total Potential Energy

M=U+V =%{QS}T[KS]{QS}—{QS}T{FN +F, +F,)

Principle of Minimum Potential Energy

oIl
0{Q,}

=0 = [K.{Q.}={F, +F; +F;}
Finite Element Matrix Equation for CST Element

Assembly and applying boundary conditions are identical to
other elements (beam and truss).

Stress and Strain Calculation

— Nodal displacement {q'®)} for the element of interest needs to be
extracted

{e} =[BHq"’} {c} =[Cl{e} = [CIBKa"}

Stress and strain are constant for CST element

23




EXAMPLE

Cantilevered Plate

— Thickness h=0.1n N,
! 50,000 1b
E = 30x106 psi and St
v=20.3.
Element 1 BN,
— Area = 0.5x10%10 = 50. 50.000 Ibs
10
X,=0,y,=0 X,=10,y, =5 X, =10,y, =15

b,=y,-y,=-10 Db,=y,-y,=15 b,=y,-y,=-5
C,=X;—X,=0 C,=X—-X;=-10 c,=x%x,-x,=10

24




Matrix [

1

Bl=-—

2A

o U

O

o O

S o

EXAMPLE cont.

N
o

Plane Stress Condition

[C.I=

E
1—v

2

0
oo 1
1100
b, | I
—3.297 x107

0
0

o w =

—10

0
0
-10

o = w

W
o

15
0
-10

o O

0 -5
-10 O
15 10

25




EXAMPLE cont.

o Stiffness Matrix for Element 1

.5 0. -.75 15 25 15
A75 175 -263 -175 .088
1.3 -488 -55 .313

894 338 -.631

3 —.163

044

k"] =hA[B]'[C_][B] = 3.297 x10°

 Element 2: Nodes 1-3-4
X,=0,y,=0 X,=10,y, =15 X, =0,y, =20
b, =y, -y;=-9 b, =y, -y,=20 by =y, -y, =-15
C,=X;—X,=-10 c¢c,=x,—-%x,=0 C,=X,—X,=10




EXAMPLE cont.

Matrix [B]
: -5 0O 20 O
10 -5 0 20

Stiffness Matrix

[k®]=3.297 x10°

.15 .081
272

-15
0
10

—-.25
—-.15

0"
10
-15

-175 A
—.088 .069
0. -.75
35 175
.65

.094
—.184
15
—.263
—.244
447

27




EXAMPLE cont.

 Assembly
65 .081 —-75 .15 0 -325 1 .0947(u) [ Ru
447 175 -263 -.325 0 .069 —.184||v, Ry
1.3 -488 -55 .313| .0 0||u, 0
3907 10° 894 338 -631| .0 0|]v,| _|-50,000]
13 -163 |-75  .15|]u, 50,000
894 | 175 -.263||v, 0
q , 65 —.244 ||u, R,,
_ ymmetric 447||v, R,
* R, Ry, Ry, and R, are unknown reactions at nodes 1 and 4

 displacement boundary condition u;, =v, =u,=v, =0

28




EXAMPLE cont.

 Reduced Matrix Equation and Solution

1.3 -.488 -.55
894 .338

3.297 x10°
1.3

=-2.147x107°
=-4.455x107°
= 1.891x107°
=-2.727x10°*

2

2

w

u
\'
u
\'

3

313
—.631
—-.163

894

< C < C

2

N

W
Il

w

w

N

—-50,000

50,000 [

29




— Element 1
8XX
Je Lo 1
y 100
\yxy,
9)

—10

0
0

{o. +=3.297 x10’

EXAMPLE cont.

Element Results

0 15
0 0
-10 -10
1.3
3 1
0 0

0
-10
15

W
® o o

-5 0]

0 10|

10 -5

N

0
0
-2.147x10°

1.891x107?

(_1.268x1072
1.727 x107°
~3.212x10°°

_4.455x102 [

|—2.727 x1 02 )

~N
N

VN

(_1.268x1073)
1.727 x1073

'

24,709
44,406
37,063

-3.212x107°

> PSi

30




— Element 2
& 1 "5 0 20 O
< Syy — ﬁ O —10 O O
Yo 10 -5 0 20
G, 1 .3
10, L —-3.297x10"|.3 1
Ty 0 0

EXAMPLE cont.

Element Results

W
O

-15
0
10

o O

(0
0 1891010_2 (1.891x107%
10 1 o Torero[ =] O
15| © OX -2.727x10°
.0
(1.891x10° | (62,354 ]
0 L=/ 18,706 \psi
—2.727x10°| | -31,469

31




DISCUSSION

These stresses are constant
over respective elements.

large discontinuity in stresses
across element boundaries

AN

o} =+

T

62,354

18,706

N/

'

~37,063

32




BEAM BENDING EXAMPLE

F
< A
2 4 6 3 o ||
1 3 5 7 9 "
\ 4 >
S5m . F
* o, is constant Max v =0.0018

along the x-axis and
linear along y-axis

e Exact Solution:
o,, = 60 MPa

 Max deflection - -

-1.5 -1 0.5 0 0.5 1 1.5
Viax = 0.0075 m

R x 10
GXX

33




BEAM BENDING EXAMPLE cont.

* y-normal stress and shear stress are supposed to be zero.

-5 4 3 2 -1

-1 0 1 2 3 4 5 0 1 2

7, Plot

3 - S

x 10°

34




CST Element in Bending

Discussions

— CST element performs well when strain gradient is small.

— In pure bending problem, o, in the neutral axis should be zero.
Instead, CST elements show oscillating pattern of stress.

— CST elements predict stress and deflection about 74 of the exact

values.

« Strain along y-axis is supposed to be linear. But, CST elements

can only have constant strain in y-direction.
» CST elements also have spurious shear strain.

U(X,y):()q + QX 1+ agy Exx —
V(X,y)= 0By + BoX + B3y

Eyy =

i ? _
How can we improve accuracy” Yy =
What direction?

ou
ax 2
ov
oy 3
ou ov
oy 0x

35




CST Element in Bending

* When u, & v, are not zero

Q' i £, f1][0
apl = by by bylluyl=Y2.
2 T 2A 1 2 3 2 2A
Qa3 | Cqs Co C3_ 0
B4 i KL f|[0
Byt == |b by by|lvyt =2,
2 oA 01 P2 Bave 54
B3 | ci ¢ ¢c3)| 0
Strain
- ou o by — huy
x T ax T 2T a%2 T 24
ov Cy
€yy @ = 53 2A V2 — O
ou ov ¢ 5
Ty =gy Tox ~ 24" T 24"

s

u(x,y)= 2A(f2+b2X+02Y)

v(x,y) = ﬂ(fz + byX + CoY)

by =y3—yi1=h

C2:X1—X3:O

Stress

S E - Ehus,

T2 2A(1-17)

S vE N vEhu,

Y12 2A(1—102)
Ehv,

36




CST ELEMENT cont.

 Two-Layer Model
- 0,,=2.32x107
- V.., = 0.0028

max

2 -1.5 -1 0.5 0 0.5 1 1.5

X 107

37




RECTANGULAR ELEMENT

38




RECTANGULAR ELEMENT

« Each edge is parallel to the coordinate direction (not practical)
« Lagrange interpolation for shape function calculation

 |nterpolation:

u—= Q1 —|—042X—|—Oé3y —|—C¥4xy
V =01+ BoX + O3y + BaXy

|

Uy = aq 4 Qi Xq 1= aizyq + Qg Xq Y1

Uy = g + Xy + Qzyo + Qg XoYo

Uz = oy + QipX3 + QgY3 1+ QuX3yY3
Uy = Qp + Qp Xy 1+ Q3Yq + Qg XgYa

dl

u(x,y) =[Ny N N3 NJ-

39




LAGRANGE INTERPOLATION

* |nterpolation

e : ®
X4 X X,
u, u(x) u,

u(x) = N,(x)u, + N, (x)u,

N, (%) = 22 N, (X) =~
X, — x2 X, — X,

| — X X
u(x)_—u +—U,
I I

40




RECTANGULAR ELEMENT cont.

« Lagrange Interpolation
— Along edge 1-2, y = y, (constant)

2

U (X, y4) = [n;(x) nz(x)]{31}

— Along edge 4-3, y = y,; (constant)

i(%,Y2) = [,(x) ns(X)]{E“}

3

X — X X — X
3 , n3(X)= 4
X, — Xy Xy — X,

n4(x) =

41




RECTANGULAR ELEMENT cont.

« Lagrange Interpolation

— Y-direction
) =Iny) nl |
n(y)=22%, n,(y)=22
Yi— Y, Ye— Y4

— Combine together

[n1(x) nz(x)]<
u(x,y)=[n,(y) n,(y)l ‘
[n4(x) n3(x)]<

c C C C
w N N -
\ ) %r_/

42




RECTANGULAR ELEMENT cont.

« Lagrange Interpolation

u(x,y) =

ru1\
0,CON(Y) 00N (y) na(an,(y) mGOn, (1 2
) (s )
N, = 0,(0,(y) = (% = X)(¥a -Y)
N, =, (0, (¥) = = (%, = X)(¥z ~ Y) -
Bi-linear
N, =1, (0, (1) = (%, = X)(Y; - Y) interpolation
N, =N, (N, (Y) =~ (X, — X)(Y, — )

43




RECTANGULAR ELEMENT cont.

« Shape functions for rectangular elements are product of
Lagrange interpolations in the two coordinate directions.

* Note that N,(x, y) is:
— 1 at node 1 and 0 at other nodes.

— Linear function of x along edge 1-2 and linear function of y along edge
1-4.

— Zero along edge 2-3 and 3-4.
« Other shape functions have similar behavior.

N,

44




RECTANGULAR ELEMENT cont.

« Displacement interpolation
— Same interpolation for both u and v.

—
_/

[

N

o Ul [N O N, 0N, 0N, O
= = <
v J0 N, O N, 0 N, 0 N,

w

w

N

f<c<cw<c<c\

N
-

{u} =[N],.s{q}s.4

45




Shape Functions

EXAMPLE 8.2

N, = (X=3)(y—2) N, = -X(y-2)
6 6
N3:ﬁ N4=_y(x_3)

4 (0,2)

3(3,2)

46




RECTANGULAR ELEMENT cont.

« Strain-displacement relation
— Similar to CST element

ou 0 (< 2, ON.
= = N(X,yu [=) —u
8XX 6X ax (; I( y) Ij Z |

u,
o OX

V1

] -y,
YV O Y-y 0 y-y, 0 y-y 0 1
{8}:K 0 x-x, 0 x-x 0 x-x, 0 x,—-x|3 %
u

| X=X3 Y=Y X=X Y=Y X=X Y=Y X=X Y=Y V3

3

u4

(V4

=[BKq}

— [B] is a linear function of x and y.

Strain will change linearly within the element (not completely linear in
both directions)

47




RECTANGULAR ELEMENT cont.
« Element stiffness matrix (from strain energy)

U 2 [[{e}TICHe}dA® = g{q<e>}T || [B3.[Cls.s[Bl,.s dA{q'}

1

N Tre) (e)
2{q } K g {d '}

— Generally needs numerical integration
— A square, plane-stress, rectangular element:

[ 3-v 14v. _ 3+v —143v —3+v 14y v 1-3v
6 8 12 8 12 8 6 8
1+v 3-v 1-3v v _I+v —3+v —1+3v __3+v
8 6 8 6 8 12 8 12
__3+v 1-3v 3-v I+v. v —1+3v =3+v 1+v.
12 8 6 8 6 8 12 8
E h —1+3v v _I+v 3-v 1-3v __3+v A+v. —3+v
[k(e) ] . 8 6 8 6 8 12 8 12
1 _ V2 —3+v 1+v Vv 1-3v 3-v A+v. __3+v —1+3v
12 8 6 8 6 8 12 8
_A+v —-3+v —1+3v 3+v I+v. 3-v 1-3v v
8 12 8 12 8 6 8 6
v —1+3v —3+v 1+v __3+v 1-3v 3-v _I+v
6 8 12 8 12 8 6 8
1-3v 3+v 1+v =3+v —1+3v Vv _I+v 3-v
| 8 12 8 12 8 6 8 6 _|




RECTANGULAR ELEMENT cont.

 Nodal and distributed forces are the same with CST element
- Body force (constant body force b = {b,, b }')

V® = _h j j [u v]{EX}dA = -{q®}"h j j [N]" dA {EX}

y

={a“)'{")
1 0 (bx
0 1 b,
10 b,
0 1](b b
{fée)} _ % X\ _ %< Y
411 0]|b, 4 |b,
0 1 b, Equally divide the total magnitude
1 0 b, of the body force to the four nodes
0 1 b,

49




E =10 GPa,
F =100 kN/m? i
Q= {uy, vy, Uy, Vi, U, Vi g v (DT
Non-zero DOFs: u; and u,.

Stiffness matrix I m -
I
eh [ % 3%
K] = { I
R i ORI O

EXAMPLE - SIMPLE SHEAR
A y

v =0.25, h=0.1m %%
D O O

Q

FEM equation (after applying BC)
10f 488 -2.88][u,| (5,000

-2.88 4.88 ||u,| [5,000
Nodal displacements

u, =u, =0.025mm
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{e} =

ny

EXAMPLE - SIMPLE SHEAR cont.
Strain & Stress |

y-1 0

0 x-1

Xx-1 y-1

1010
1-0.25°

Undeformed
shape

T-y

1
0.25

0

0
—X

0
—X
1-y

0.25
1
0

0
0
- 10
y 0 -y 0
0 x 0 1-x|5 s
y 1y 2.5x10
y Yy | 0
2.5%x107°
0
O qr - 0 3
0 |5 L=< 0 :Pa
0.375 | \2.5><10‘5) \105)
|
|
|'zy Deformed
i shape

\2.5 ><1O_5)
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EXAMPLE - PURE BENDING

y
 Couple M =100 kN.m % f
. . 7 DL
« Analytical solution 0 G
_h
(Gxx)max = _M( 2) =6.0MPa I m
I m 5
s, =6.0(1-2y)MPa
| e .,
 FEM solution
— Non-zero DOFs: u,, v,, u;, and v;.
(489 -1.67 0.44 -0.33](u,| (100,000
10° -1.67 4.89 0.33 -2.89 <v2 J 0
e >
044 033 4.89 1.67 ||u, —100,000
-0.33 -2.89 1.67 489 ||v,] | O

u, =0.4091mm, v, =0.4091mm
u, =-0.4091mm, v, =0.4091mm
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EXAMPLE — PURE BENDING cont.
Strain & Stress

y-1 0
{e}=| 0 x-1
x-1 y-1
GXX 1010
19w [T 120252
[ Ty ) -

1-y
0
—X

1

0.25
0

0 )
0
0 y O -y 0° 8':1 (0.41x1073(1-2y)
—x 0 x O 1—x<_'041$><10‘3=< O3 '
-y x y 1-x -y | 0.41 \O.41><1O (1—2x)}
0
\O J
025 0 1[(0.41x103(1-2y)] (4.4(1-2y)
1 0 | 0 L= 11.1(1-2y) 'MPa
0 0.375(0.41x10°(1-2x)| [1.6(1-2x)

Undeformed
—

shape
Unable to make curvature

hefm‘med Trapezoidal shape -> non-zero shear stress
Snape
" (Codmax N(Gidexat = 4.36416.0 (73%)
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BEAM BENDING PROBLEM cont.

« Sxx Plot Max v = 0.0051

2.5 2 -1.5 -1 0.5 0 0.5 1 1.5 2 2.5

X 107

« Stress is constant along the x-axis (pure bending)
* linear through the height of the beam

* Deflection is much higher than CST element. In fact, CST
element is too stiff. However, stress is inaccurate.
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BEAM BENDING PROBLEM cont.

e Caution:

In numerical integration, we did not calculate stress at node points.
Instead, we calculate stress at integration points.

Let’s calculate stress at the bottom surface for
element 1 in the beam bending problem.

Nodal Coordinates:1(0,0), 2(1,0), 3(1,1), 4(0,1)
Nodal Displacements:

u = [0, 0.0002022, -0.0002022, 0]

v = [0, 0.0002022, 0.0002022, 0]

Shape functions and derivatives

N, =(x=D(y-1)  oN,/ax=(y-1)
N, =—x(y-1) ON, /OX=—(y—-1)
N, =Xy ON,/ox=Yy

N,=—(x-1)y ON,/OX=-Yy

4(0,1) 3(1,1)
+ +
+ +
1(0,0) 2(1,0)
ON, /oy =(Xx-1)
ON, /oy =—X
ON, /0y = X

ON, /8y = —(x—1)
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BEAM BENDING PROBLEM cont.

« At bottom surface, y =0 4 3
ON /ox=-1 N, /oy=x—1 + ot
ON,/ox=1 ON, /oy =~ +  +
ON,/0x=0 ON, /oy =X ’ 5

ON,/0x=0 ON, /0y =—(x-1)
e Strain u = [0, 0.0002022, -0.0002022, 0
e = Z%_Nu _1%0.0002022 v = [0, 0.0002022, 0.0002022, 0]

€, = @v——00002022><x+00002022><x 0

o Oy

N

Ve = Z ﬁv + N 0.0002022 - 0.0004044x
’ OX 6y

o Stress:
o} =[Cl{e} =1{4.44, 1.33, 1.55} x 10’
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RECTANGULAR ELEMENT

* y-normal stress and shear stress are supposed to be zero.

= ™

-6 <4 2 0 2 B 6 -8 -6 <4 2 0 2 4 6 8

c,, Plot a 7,, Plot <o
g, IS @ linear function of y alone ON,/ox=(y—1) ON,/oy=(x-1)
Eyy ?s a :?near :unc’gon 011: X alodne N, /ox=—(y—1) ON,/dy=—x
Yxy 1S @ linear function of x and y N, /ox =y ON, /3y = X
4 5N| aN ON,/OX=-y ON, /oy =—(x-1)

e €

XX_|1aX W ,18y
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Rectangular Element in Bending
* Discussions %

— Can't represent constant shear force problem because g, must be a
linear function of x.

— Even if g, can represent linear strain in y-direction, the rectangular
element can’t represent pure bending problem accurately.

— Spurious shear strain makes the element too stiff.

U:(X1+042X—|—043y—|—044xy C III T \\\ DE t
| \ Xac
V = 05y + BoX + B3y + BaXy é' \\
S . L -~ b
/ \
C / \ DRectanguIar
v \
/ \ element
L \

o, #0
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Rectangular Element in Bending

¢ When _U1 = U2 = _U3 - U4 — (X4
Ay
4 @ v o
u(x,y) = ZN/'(X,Y)U/ = —QuXy 7 l'/ ‘\
=1 \ 5 X
4 N III “‘
v(xy) = SNy =0 / \
i=1 @ @
e Strain Stress
(9u E Oé4E
Exx:a:_oqy OXX:1—V25XX:_(1—V2)y
g = & = :> VE VECV4
yy 8y Uyy_,]_yg XX _(1—V2)
_ou v _ —g X Ex
Txy = gy ' ox  ° Ty = GYyxy = 20 _|_4V)X




RECTANGULAR ELEMENT

 Two-Layer Model
—- o, = 3.48%x107
~ v, =0.0053




BEAM BENDING PROBLEM cont.

 Distorted Element

Max v = 0.004

2.5 2 -1.5 -1 0.5 0 0.5 1 1.5 2 2.9

X 107

« As element is distorted, the solution is not accurate any more.
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BEAM BENDING PROBLEM cont.

« Constant Shear Force Problem
Max v = 0.0035

e SXxX Is supposed to change linearly along x-axis. But, the
element is unable to represent linear change of stress along

x-axis. Why?
« Exact solution: v =0.005 m and ¢,, = 6e7 Pa.
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BEAM BENDING PROBLEM cont.

« Higher-Order Element? P S <
— 8-Node Rectangular Element
) Se 96
u(x,y)=a,+ax+a,y+a,x +a,xy
® @ @
1 5 2

+a,y’ +a X’y +a,xy’

— Strain

OU(X,
E’ﬁx Y _ a +2a,x+a,y+2axy+a,y’

— Can this element accurately represent pure bending and constant
shear force problem?

1
Xy

X3 X2y Xy2 y
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BEAM BENDING PROBLEM cont.

« 8-Node Rectangular Elements

3k
oL
1.5}
1
= 0.5¢
0
0.5
1k
0.5+
o 05 1 16 2 25 8 385 4 45 6 0 05 1 15 2 25 8 385 4 45 5
X

* Tip Displacement = 0.0075 m, Exact!
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BEAM BENDING PROBLEM cont.

* If the stress at the bottom surface is calculated, it will be the
exact stress value.




