CHAP 7 ISOPARAMETRIC ELEMENTS




Introduction

CST and rectangular elements
— Shape function in the global coordinates (x-y)

— Different elements have different shape functions (computationally
expensive to build individual shape functions)

Deriving the shape functions for quadrilaterals in global
coordinates is difficult

It is possible to define shape functions in parametric space

— Mapping between the physical (x-y) and parametric (s-t) spaces

— All elements in different geometry share the same shape functions
Then, we need to interpolate both geometry and displacement

— Isoparametric element: both geometry and displacement are
interpolated using the same shape functions

u(s) = Zn:Nk(s)uk X(s) =D Ny (s)xy
k=1 k=1

Displacement interpolation Geometry mapping




7.2.1 1D LINEAR
ISOPARAMETRIC ELEMENT




2-Node Linear Isoparametric Element

« For 1D bar element or 1D heat transfer element

S
CP — @ Parametric space
s=-1\ :’s = 1
xloﬂ : )‘?1 )52 — 1_ | Physical space
Element (e)

« Geometry mapping: X(s = —1) = X

X(s = +1) = X;
) " = 1 - S

Shape functions: N,(s) =

Na(s) =

2
Same for all elements!! 14+s
2




2-Node Linear Isoparametric Element cont.

* EX) Interpolation of temperature within an element
(1—9) (1+59)
2 2

T(s)= Ty + Ty = Nq(s)T4 + Ny (s)T,

Function of s

— (Ny(s) I\b(s)}{: } — (NG )T{T®)

2
 How to find x corresponding to s?

X(8) = XiNq(s) + X;Na(s)

« Derivative w.r.t. s

dNy(s) 1
ds 2
dN,(s) 1

ds 2




2-Node Linear Isoparametric Element cont.

e Jacobian
dx dN1X+dN2X _ 1 +1X L
ds  ds 7' ds 27 2717 T 27272
ds 1 2

dx  dx/ds Xy — X4 o

* How to calculate derivative w.r.t. x?

d dT d 1 2
A M RCI

 How to integrate over the element?




Ex) Element Conductivity Matrix

X2
doT dT déT dT dx
kadx dxd kadx dxds

L
— [6TYT f KA{B}B}' = ds |{T)

- y |
— {6T) kaLi[ 1 }%{—1 1}2 ds|{T)
Rl © © ]

kAl 1T
=0T 1]{T}
- {6T}T[kTT KT}

Same heat conductivity matrix!!




7.2.2 1D QUADRATIC
ISOPARAMETRIC ELEMENT




1D Quadratic Isoparametric Element
* Quadratic element: 1D 3-node (3 DOFs)

@ s @

s—r1 s
'\

Parametric space X(S — _1) = X

X(s = +1) = X,
X(s = 0) = X3

¥

/
. —t — | Physical space
X = Xi Xg X x=L

Element (e)

« Assume quadratic polynomials

1
T(r)=a+ bs +cs? — N1(S):_§S(1_S)
1
« Mapping 1Na(s) = 53(1 +S)
=N N N
X(s) 1(8)X1 + Na(s)x2 + N3(S)X3 N4 (s) = 1—s2




1D Quadratic Isoparametric Element cont.

« Jacobian
dx ’ :
d_S = (S — E)X1 —+ (S —+ §)X2 — 25X3 Not a constant!
X X
— Regular element: X3 = 1_|2_ 2

dx X, —X
_ 22 1 E Constant! Same as 2-node element!

ds 2 2
Derivative w.r.t. X
dT dT ds
ds ~ ds dx
’ ’ ds
=[(s = )Ty + (s + LT, — 2sT; ]d—x
T !
- {?} {T} Not a constant!

Rational function
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1D Quadratic Isoparametric Element cont.

« Derivative w.r.t. x (Regular element)

ar _
ds

2s — 1]
2s +1;
§ _4S J

B)(T) B =

e

« Conductivity matrix (Regular element)

X5 [ 1 _
f ador ar o (6TAT f kA{B}{B}TL?edS (T}
X4 | —1

dx dx
y 7 1 -8
= {6T}' A 1 7 —-8|{T}
3L,
-8 -8 16

= {6T} [kr {T}




Ex: Isoparametric Quadratic Elements

« Test case: Regular versus irregular element

@ ©, @

o Reference element
s=-1 s=0 s=1
o ° ° Regular physical element
x=0 x=1 X=2
o o ° Irregular physical element
x=0 x=0.5 X=2
* Imposed displacement/strain
— Zero strain: u(x) = constant du/dx =0
— Constant strain: u(x) = x du/dx =1
— Linear strain: u(x) = x2 du / dx = 2x

12




1.8[
1.6]
1.47

1.21

0.8]
0.6]
0.47

0.2

Ex: Regular Element

Mapping & Jacobian
dx

ds\,

X(s)

-0.8

1
1
1
1
1
1
1
1
1
|
0

-06 -04 -0.2 02 04 06 08 1

Linear displacement
du

ds\

\

du

dx

-0.8

-06 -04 -02 O 02 04 06 08 1

1

0.8[

0.6[

0.4]

0.2

0

-0.2[

-0.41

-0.6]

-0.8[

-1

4

3.5[

3t

2.5]

ot

1.5

1t

0.5]

| Cénétaht dispiacéménf

du

l/ds

WV

dx

-1

-08 -06 -04 -02 O 02 04 06 08

1

Quadratic disbladerﬁe |
du
ds

du
dx

-08 -06 -04 -02 O 02 04 06 08

13




1.6[
141

1.2T

0.8]

0.6

0.47

1.6]
141

1.21

0.8]

0.6]

0.47

0.2

-1 -08 -06 -04 -0.2

Ex: Irregular Element

| Mapbing & Jécolbialn

I
|
|
|
I 1 1 1 1

0 02 04 06 038

" Linear disblaéerﬁeht

1

0.8

0.6]

0.4

0.2

0

-0.2

-0.4f

-0.61

‘Constant di'spllac'em'entl
du

| /E
au/

dx

-1 -08 -06 -04 -02 O 02 04 06 038 1

‘Quadratic disblaéerﬁe '

-1 -08 06 -04 -02 O 02 04 06 038 1
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7.3 2D ISOPARAMETRIC
QUADRILATERAL ELEMENT
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ISOPARAMETRIC ELEMENT

* Quadrilateral Shape

Most commonly used element (irregular shape)
Generalization of rectangular element

Use mapping to transform into a square (Reference element).
The relationship between (x, y) and (s, t) must be obtained.
All formulations are done in the reference element.

V3
@j -u; 1) | (1,1)
@ | G
— - s

©___&

(-1,-1) (1,-1)

Actual Element (x, y) Parent Element (s, t)

16




ISOPARAMETRIC MAPPING

* Definition

— the same interpolation method is used for displacement and geometry.

* Procedure

— Construct the shape functions N4, N,, N5, and N, at the reference

element

s-1 t-1
N,(s,t) = 1 X T

4 N1<s,t)=%(1—s)<1—t>\

Nz(s,t):%(1+s)(1—t)

N3(s,t)=%(1+s)(1+t)

\N4(s,t):%(1—s)(1+t)/

4(-1.1)

\ T
3(1,1)

> S

1 CL-1)

2 (1,-1)
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ISOPARAMETRIC MAPPING cont.

—

2 X

4(-1.1)

3 (1,1)

1 (-1,-1)

Proportional mapping

For a given (x,y), find corresponding (s,t).
For a given (s,t), find corresponding (X,y).

2 (1,-1)
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ISOPARAMETRIC MAPPING cont.

— Use the shape functions for interpolating displacement and geometry.

— For a given value of (s,t) in the parent element, the corresponding point
(x,y) in the actual element and displacement at that point can be
obtained using the mapping relationship.

Displacement interpolation Geometry interpolation
fu1\ fx1\
u, X,

uis,t)=[N, N, N; N,]< “¢ X(s,t)=[N, N, N, N,]§ “;
U, X3
(Ua ) (X4
rv1\ ry1\
V2 y2

v(s,t)=[N, N, N, N,]x “¢ y(s,t)=[N, N, N, N,]< "¢
V3 y3
\V4) \y4)
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EXAMPLE

Find mapping point of A in the physical element
— At point A, (s, t) = (0.5, 0.5)

1 3 9
N'](%’%):_ NZ(% %):_’ N3(%,%):_, N4(%,%):E

16 ’ 16
— Physical coord

4 1 3 9 3
x(1,1) (L, =—6+—4+—-2+—-0=2.25
(2:2) Z T T TR

4 1 3 9 3
y(4,1) 1,4y, =—-0+—4+—4+—.0=3
(2:2) Z R T T TR

y t
® A|.5,.5)

B (1.2) e— > s

(9(0.0) ooy . @y @an

20




EXAMPLE cont.

« Find mapping point of B in the reference element
— Atpoint B, (x,y)=(1, 2)

X=1= ilet X, =21(1-s)(1-t)-6+1(1+s)(1—1)- 4

+2(1+s)(1+1)-2+5-(1-s)(1+1)-0
=st-2t+3

4

y=2=Y'N(s,t)y, =1(1-s)(1-t)-0+ L (1+s)(1-1)-4

|=1

+2(1+s)(1+t)-4+(1-s)(1+1)-0
2+2s

— Thus, (s, t) = (0, 1)
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JACOBIAN OF MAPPING

Shape functions are given in (s,t). But, we want to differentiate w.r.t. (x,y) in
order to calculate strain and stress. Use chain rule of differentiation.

oN aN 8x oN, oy oN aN ax oN, oy
s  ox 83 oy 0S ot ox at oy ot
In Matrix Form

JOs | _|0s Os| OX ] OX >
N[l oy [N N
Lot) Lot ot oy | Oy |
Matrix [J] is called the Jacobian matrix of mapping.

How to calculate matrix [J]?

X _ 24 a—N'x :1(—x + X, + X, — X )+1(x — X, +X; —X,)
os < os T4 1 2 3 4 R 2 3 4
X _ 24 a—N'x =1(—x — X, + X, + X )+§(x — X, + X, —X,)
8’[ - t I 4 1 2 3 4 4 1 2 3 4




JACOBIAN OF MAPPING cont.

« Derivatives of shape functions w.r.t. (x,y) coordinates:

ra_l\ll\ ra_l\ll\ —a_y _8y—r6N|\
) ox gy 08 _ 1| ot os|]os|
N T TN [T ox ox [N,
oy | ot ot oesllet

« Determinant |J|: Jacobian

{ Mzﬁx@y_axéy }
os ot ot os
 What happenif |J|=0or|J| <07
— shape function derivative cannot be obtained if the |J| = 0 anywhere in
the element
— Mapping relation between (x, y) and (s, t)is not valid if [J| =0 or |[J| <0
anywhere in the element (-1 <s,t<1).

23




JACOBIAN OF MAPPING cont.

Jacobian is an important criterion for evaluating the validity of
mapping, as well as the quality of element

Every point in the reference element should be mapped into
the interior of the physical element

When an interior point in (s, t) coord. is mapped into an
exterior point in the (X, y) coord., the Jacobian becomes
negative

If multiple points in (s, t) coordinates are mapped into a single
point in (X, y) coordinates, the Jacobian becomes zero at that
point

It is important to maintain the element shape so that the
Jacobian is positive everywhere in the element

24




EXAMPLE (JACOBIAN)

Jacobian must not be zero anywhere in the domain (-1 <s,t< 1)
y A

» Nodal Coordinates 3(2,2)
X, =0, x,=1 Xx;,=2, x,=0
y1=O, y2=O, y3=2, y4:1 4(09 1)

* |so-Parametric Mapping X

x=> Nx =N, +2N, :Z(3+38+t+8t)
=1

4
y=> Ny, =2N; +N, :%(3+s+3t+st)
=1

« Jacobian Matrix oX oy
] = os  os :1{3“ 1+t}
ox oy| |4|1+s 3+s

ot ot

25




EXAMPLE (JACOBIAN) cont.

« Jacobian

1 1 1 1
M:Z[(3+t)(3+s)—(1+t)(1+s)]:§+§s+§t

— ltisclearthat |[J|>0for-1<s<1and-1<t<1.

4(-1.1) 3(1,1)

S

Constant t <
1 (_19_1) 2 (19_1)




EXAMPLE (JACOBIAN) cont.

y
* Nodal Coordinates L(o, 5)

3(5, 5)

X, =0, X,=1 x;=5 x,=0
v,=0, y,=4, y,=95 vy,=5

« Mapping

X = ilel = %(1 +8)(3 + 2t)

4
y=> Ny, = %(7 + 25 + 3t — 2st)
=1

 Jacobian

1
=7 (5-10s+10t) J=0at5-10s+10t=0;ie,s—t=1/2

27




EXAMPLE 8.3 (JACOBIAN) cont.

Constant S

* In general the element geometry
is invalid if the Jacobian is either
zero or negative anywhere in the
element.

 Problems also arise when the
Jacobian matrix is nearly singular
either due to round-off errors or
due to badly shaped elements.

« To avoid problems due to badly
shaped elements, it is suggested
that the inside angles in quadrilateral
elements be > 15 and < 165°

>1574<
< 165°

S

28




INTERPOLATION

~
)

« Displacement Interpolation (8-DOF) :1
1
u2
N, O N, O N, O N, O
e ; ' © T =Ny
v |OON O N, 0O N, 0 N,||u,
V3
u4
Va4

— the interpolation is done in the reference coordinates (s, t)

— The behavior of the element is similar to that of the rectangular
element because both of them are based on the bilinear Lagrange
interpolation

29




INTERPOLATION cont.

e Strain
] [ ayx | [1 oo o)W
ou/ oy
{e}=4e, =9 ov/oy +=|0 0 O 1 <8/8 -
V/OX
y ou/oy+ov/ox| |0 1 1 0
SO o - |ov/oy |
0u/ox | - oy/ot —oy/os O 0 |[ou/os
ou/oy| 1 |-ox/ot 0Ox/0s 0 0 ﬁu/@t &
< > = —
ov/ox| || 0 0 oy/ot  —oy/os ||ov/os
ov/oy | 0 0 —ox/ot  ox/os ||ov/ot
C i _| oy/et —-oyj/os O 0 |(ou/os) (0u/0s)
£, 1.0 0 0
1 —ox/ot  Ox/os 0 0 ou/ ot ou/ ot
le. t=—|0 0 0 1 J L= [A]
Y 011 0 0 0 oy/ot  —oy/ds ||ov/os ov/os
U)o b 10 0  —ox/at ox/os ||ov/et ov/ot




« Strain cont.
(0u/os) 1+t 0 1-t 0 1+t
J&M& 1-1+s 0 -1-s 0 1+s
ovies| 4] 0 -1+t 0 1-t O
[ov/ot | 0 -1+s 0 -1-s O
2P 0u/s) N
e
XX ou/ ot
1€,y ¢ =[AlS / - =[A][G{q} =[B}{q}
8V/@S T
;ny)
\ ﬁv/@t) J

INTERPOLATION cont.

m
V1
0 -1-t 0 ||u,
0 1-s 0 V,
it 0 —A-t|u, [ rCHE
1+s 0 1-s ||V,
u4
V4

— Strain-displacement matrix

— The expression of [B] is not readily available because the matrix [A]

involves the inverse of Jacobian matrix

— The strain-displacement matrix [B] is not constant
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EXAMPLE

{uy, V4, Uy, Vo, Us, V5, Uy, v, =9{0,0,1,0,2,1,0, 2}
Displacement and strain at (s,t)=(1/3, 0)?
Shape Functions

N, (s,t) = %(1 _s)(1-1) N, (s,t) = —(1+8)(1-t)
N3(s,t):%(1+s)(1+t) N, (s,t) = —(1-8)(1+1)

At(sh)=(1/3,0)  N,=—, N,=

y
T4 (0,2) 3(3,2) 4 (-1,1)

1 (0,0) 2(3,0) 1 (-1,-1)

2 (1,-1)

32




| 3
* Displacement at (s,t) = (1/3,0)
1

EXAMPLE cont.

Location at the Actual Element

2 1 1
=>Nuy==-0+—--1+--2+—-0=1
3 3 6

4
:ZNM :1.0+1.0+1.1+1.2:E
6 3 3 6 3

33




EXAMPLE cont.

* Derivatives of the shape functions w.r.t. s and t.

T A G PR |
oS 4 4 ot 4 6
N, 1 g1 N, 1 ggy- L
<63 4 4 <8t 4 3
Ny 1,1 Ny 1yl
os 4 4 ot 4 3
8N4=—1(1+t)=—1 8N4:1(1_ ):1
. 0S 4 4 Lot 4 6

« But, we need the derivatives w.r.t. x and y. How to convert?




EXAMPLE cont.

« Jacobian Matrix

%:_1.04_1.34_1.3_1.0:2
os 4 47T 4T
@:_1.04_1.04_1.2_1.2:0
R
%:_1.0_1.34_1.34_1.0:0
ot 6 3 3 6
@:_1.0_1.04_1.24_1.2:1
ot 6 3 3776
%l [0 20
W= > Cl=l2 T MI'=|3
XN o 1 0 1
ot ot] - - ) )

— Jacobian is positive, and the mapping is valid at this point
— Jacobian matrix is constant throughout the element

— Jacobian matrix only has diagonal components, which means that the
physical element is a rectangle




EXAMPLE cont.

* Derivative of the shape functions w.r.t. x and y.

0N, _ 0N, ox  ON, oy (ON,) oN,)
os OX 0 oy 0O A v
) > - S Y 5 — <as>:[J]< 8X>
oN, _ON ox N oy N, oN,
| ot X 8’[ oy ot . ot | Oy
OX 1) Os — 0] os 3 0s
LRI RN
| oY Lot )~ “Lot) U ot J
« Strain
4 4
8xx:@: a—[\llulzzga—l\llulzg(_l.0+l.1+l.
oX ‘T OX = 3 0S 3" 4 4 4

_ oV _

LN N 110
oy ‘5

oy | S ot ' 6 3

8yy




FINITE ELEMENT EQUATION

« Element stiffness matrix from strain energy expression

u® = 2 [[{e} [Cl{e}dA®

SR [[Ble.[Cle.Bl. A

1

— " reenTre) (e)
—2{q K e fd '}

— [k®)] is the element stiffness matrix

— Integration domain is a general quadrilateral shape

— Displacement—strain matrix [B] is written in (s, t) coordinates
— we can perform the integration in the reference element

L k®]=h j j [B]T[C][B]dTA —h j j [B]" [C][B]|J|dsdt }

|
dA = |J|dsdt
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7.4 NUMERICAL INTEGRATION
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NUMERICAL INTEGRATION

Stiffness matrix and distributed load calculations involve
integration over the domain

In many cases, analytical integration is very difficult

Numerical integration based on Gauss Quadrature is
commonly used in finite element programs

Gauss Quadrature:

| = jf(s)ds ~ Zn:wif(si)

— Integral is evaluated using function values and weights.
— s;: Gauss integration points, w;: integration weights

— f(s;): function value at the Gauss point

— n: number of integration points.

39




NUMERICAL INTEGRATION cont.

 Constant Function: f(s) = 4
— Use one integration point s, = 0 and weight w, = 2

1
I:j4ds:w1f(s1):2x4:8
—1

— The numerical integration is exact.
« Linear Function: f(s) = 2s + 1
— Use one integration point s, = 0 and weight w, = 2

1
|=j(zs+1)ds=w1f(s1):2x1=2

-1

— The numerical integration is exact.

* One-point Gauss Quadrature can integrate constant and
linear functions exactly.

40




NUMERICAL INTEGRATION cont.

« Quadratic Function: f(s) = 3s? + 2s + 1
— Let’s use one-point Gauss Quadrature

1
|= [ (3% +2s+1)ds = 4
w.f(s,)=2x1=2

— One-point integration is not accurate for quadratic function
— Let’s use two-point integration with w, =w, =1 and -s, = s, = 1/:/3

w.f(s,)+ w.,f(s, )=1xf(—%)+1xf([)

_3X__T+1+3X += +1 4

« (Gauss Quadrature points and weights are selected such that
n integration points can integrate (2n — 1)-order polynomial
exactly.
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NUMERICAL INTEGRATION cont.

« Gauss Quadrature Points and Weights

n Integration Points (s;)  Weights (w)) Exact for polynomial

of degree
1 0.0 2.0 1
2 +.5773502692 1.0 3
3 +.7745966692 5555555556 3
0.0 .8888888889
4 +.8611363116 3478546451 7
+.3399810436 6521451549
+.9061798459 2369268851 9
5 +.5384693101 4786286705
0.0 5688888889

JI = 0.5773502692
J2 = 0.7745966692




NUMERICAL INTEGRATION cont.

« 2-Dimensional Integration
— multiplying two one-dimensional Gauss integration formulas

| = j jf(s,t)dsdt ~ jiwif(si,t)dt = Zn:iwiwjf(si,tj)

-1-1 -1 i=1 =1 i=1

— Total number of integration points = mxn.

t 4 T 4

»
—~t+

»

(a) 1x1 (b) 2x2 (c) 3x3
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NUMERICAL INTEGRATION EXAMPLE

 Integrate the following polynomial:

1
| = j(8x7 +7x°%)dx =2

-1

— One-point formula

s, =0, f(s;)=0, w,=2
l=w.f(s,)=2x0=0

— Two-point formula
-.577, f(s,)=8(-.577)" +7(-.577)° =.0882, w, =1

S, =
s, = 577, f(s,)=8(577) +7(.577)° =.4303, w, =1
| = w,f(x,)+W,f(x,)=.0882 +.4303 = .5185
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NUMERICAL INTEGRATION EXAMPLE cont.

— 3-point formula

s, =—.577, f(s,)=8(~.577) +7(-.577)° =.0882, w, =1
s, = 577, f(s,)=8(.577) +7(.577)° =.4303, w, =1
| = w,f(x,)+W,f(x,)=.0882 +.4303 = .5185

— 4-point formula
s, =—.8611, f(s,) =.0452, w, =.3479
s, =—-.3400, f(s, ) =.0066, w, =.6521
, = .3400, f(s;)=.0150, W, =.6521
, = .8611, f(s,;)=5.6638, w, =.3479
w.f(s,)+w,f(s,)+w,f(s;)+w,f(s,)=2.0

S
S

— 4-point formula yields the exact solution. Why?




NUMERICAL INTEGRATION

« Application to Stiffness Matrix Integral

(®)] = h j j [B]'[C][B]|J|dsdt
zh 2 2 w

w;[B(s,,t)I"[CIB(s, t,)]|J(s, 1))
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Extra Zero-Energy Modes

« Element deforms without changing strain energy (Something
must be wrong here!)

* Only rigid-body motions without changing strain energy

r==="
— - - = \
I I - \
I I C \l\
| | \
y A \
| T L
I I \ -
— \ P )"
‘ - X
x-translation y-translation z-rotation

 Why do extra-zero energy modes occur?
— The order of numerical integration is not appropriate
— Numerical integration can’t catch the difference in deformation
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Extra Zero-Energy Modes

« EX) 1x1 Gauss quadrature for rectangular element

* The center point does not move!!

 How to find zero-energy modes”?
— Element stiffness matrix should have 3 rigid-body modes(2D) or 6(3D)
— The same number of zero eigenvalues

— 1x1 Gauss quadrature will yield 5 zero eigenvalues (2 extra zero-
energy modes!!)

48




Exercise

* For the isoparametric element shown in the figure, (1) write
the Jacobian matrix (you can calculate it based on it's shape)
and (2) calculate strains g,,, €, v, at (s,t) = (1,0) when nodal
displacements are {q}={0.1, -0.1, 0, -0.1, 0, 0, 0.1, O}'.

N, (s,t) = %(1 —s)(1-1), N,(s,t)= %(1 +s)(1-1)

N, (s,t) = %(1 +8)(1+1), N,(st)= %(1 _s)(1+1)

y
E}(o,z) (23.2)
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7.5 HHGHER-ORDER
QUADRILATERAL ELEMENT
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9-Node Lagrange Element

* |nterpolation scheme
U(s,t) = a, + a,s + agt + a,st + ass?

+agt? + a;8°t + agt?s + ags“t?

U

9
U(S,t) — ZNi(S,t)ui
=1
Nq(s,t) = 2st(1—s)(1-t)
Ny(s,t) = —2st(1+s)(1—t)
N3(s,t) = +st(1+s)(1+1)

Ny(s,t) = —gst(1—s)(1+1)

®

(=1,1) (1,1)
© ®

(=1,-1) (1,-1)
® @
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9-Node Lagrange Element

Nq(s,t) = Fst(1—s)(1-t)

No(s,t) = —1st(1+s)(1-t)
N3(s,t) = Zst(1+s)(1+1)
Ny (s,t) = —2st(1—s)(1+1)
5(s,t) = gt(1—-s%)(1-1)
Ng(s,t) = 1s(1—t*)(1+s)
N-(s,t) = %t(1—s )(1+1t)
Ng(s,t) = 1s(1—t2)(1—s)

®

(=1,1) (1,1)
© ®

(=1,-1) (1,-1)
® 0,
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8-Node Serendipity Element

N5(s,t) = 1(1—s2)(1—t)
Ng(s,t) = 2(1—t*)(1+s)
N-(s,t) = ;(1—5 )(1+1)

Ng(s,t) = 3(1—t%)(1—s)

2
Ni(s,t) = 2(1—s)(1—t) — 2N5(s,t) —

Ni(s,t) = —3(1=s)(1—t)(s +t+1)

(1+s)1—t)(s —t —1)

_1

4
Ns(s,t) = 2(1+s)1+t) (s +t—1)
= 2(1=s)1+t)(t—s—1)

t
@ é) ®
(=1,1) (1,1)
G ®—
(-1,-1) (1,-1)
® ® @
ANg(s,1)
@ ®
QA
® @
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7.6 TRIANGULAR ELEMENT
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Collapsed 4-Node Quadrilateral Element

$ t

@

(=1,1)

~
~
N

|(-1,-1)

)
@ >
]
)

Parametric space Physical space

—
o - -

T(s,t) = Ny(s,t)T1 + No(s,t)To + (N3(S,t) + Ny (S,t))T;
= N4(S,t)T1 + No(s,t)T, + N5 (s,t)T3

N, :%(1—5)(14) N, :%(1+s)(1—t)

1
N3 = N3 + N, 25(1+t)
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3-Node Linear Triangular Element

L R R —

7’
|-

(X3,Y3)

--—-—._‘_I_
=

(X2,Y2)

@#".-— (X1!y1)
= Z > r
(0,0) (1,0)
Parametric Space Physical Space
Ny =r N, =S Ny =1—r1r—s=t
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6-Node Quadratic Triangular Element

[N4(r,s,t) =r(2r —1)
No(r,s,t) = s(2s — 1)
Ns(r,s,t) =t(2t — 1)
< N4(r,s,t) = 4rs
N5(r,s,t) = 4st
| Ng(r,s,t) = 4rt
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7.8 3D SOLID ELEMENT
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4-Node Tetrahedral Element

Physical Space

Ny =
N, =S
INg =t
Ny =1—-1—-5—1
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10-Node (Quadratic) Tetrahedral Element

Ny =r(2r —1)

N, = s(2s — 1)
Ny =t(2t — 1)
N, = u(2u —1)
N5 = 4rs

< Ng = 4st
N, = 4rt
Ng = 4ru
Ng = 4su

\N']O — 4tu

Parametric Space

Real Space
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8-Node Hexahedral (Brick Element)

—

Parametric space Physical space

N;(r,s,t) = %(1 +rir ) (14 5;8)(1+tt)




