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OPTIMIZATION OF A CITRUS CANOPY SHAKER HARVESTING  
SYSTEM: PROPERTIES AND MODELING OF TREE LIMBS 

S. K. Gupta,  R. Ehsani,  N. H. Kim 

ABSTRACT. This article presents a part of the research work for the design and optimization of a fruit tree harvesting sys-
tem using numerical methods. The analytical framework for the optimization is formulated based on a continuous canopy 
shaker that harvests citrus crops, primarily Valencia oranges (Citrus sinensis). Tree limbs are modeled analytically in the 
numerical based design optimization of a shaker that requires information regarding the limb configuration and proper-
ties. The objective of this study is to formulate a mathematical model to predict the configuration of primary limbs and to 
determine the properties of citrus wood. The tree limbs, thus proposed, are statistical prototypes or representations that 
account for the 5th, 25th, 50th, 75th, and 95th percentiles of actual tree limbs from random individual citrus trees. Poly-
nomial response surface models were developed to predict sectional properties of the statistical model of the tree limbs. 
The distributions of the secondary branches and fruits were also predicted to model their effect on the dynamic response 
of the tree limbs. A three-point bending test, specific gravity test, moisture content test, and damping test were conducted 
on freshly cut samples of citrus wood. An elastic modulus of 8.5 GPa and modulus of rupture of 67.3 MPa were calculated 
from a load-deflection curve, and a density of 1450.8 kg m-3, moisture content of 42%, and damping ratio of 10.78 were 
measured. Although the proposed methodology was developed for a canopy shaker, it could be easily implemented for 
other vibratory harvesters, such as limb shakers, foliage shakers, and over-the-row harvesters. 

Keywords. Canopy shaker, Citrus, Dynamic simulation, Finite element methods, Harvester, Modeling, Optimization, Re-
sponse surface. 

echanical harvesting of tree crops is becom-
ing increasingly important due to the cost of 
manual harvesting. Competitiveness in the 
global market demands efficient harvesting 

systems to reduce harvesting costs. Many mechanical har-
vesters for fruits and nuts have been developed over the 
past five decades, but few of them have been successfully 
adopted and commercialized (Futch et al., 2004). Many 
commercialized harvesters for fruits and nuts are designed 
to induce either free vibration or forced vibration to the 
trunk or tree limbs and canopy (Fridley et al., 1971; Peter-
son et al., 1972; Markwardt et al., 1964; Halderson, 1966). 
These vibrations are then transmitted throughout the tree, 
creating the forces necessary to cause fruit detachment. 
These harvesters are essentially comprised of two parts: the 
mechanical system that generates vibratory motions, and 
the mechanical interface that transmits vibrational energy 
to the tree. Examples of mechanical interfaces include 
movable tongs that grip the trunk or limbs and force them 
to vibrate, or a vibrating rod that impacts the tree limbs to 

cause them to vibrate freely. 
Most accomplishments in the design of vibratory har-

vesters have been achieved using heuristic methods (Frid-
ley and Adrian, 1966). This involves designing the harvest-
ing system using either a trial and error approach or an ap-
proach based on certain assumptions validated later by ex-
tensive field trials. However, field trials are usually very 
costly and time-consuming. Moreover, the specific problem 
areas are difficult to evaluate by experimental studies due 
to the high variability and randomness associated with the 
trees and their interaction with the harvester. While past 
field trials have provided a general understanding of the 
dynamic response of tree crops, the parameters necessary to 
design a harvester have not yet been formulated. The ex-
planation for good harvesting yield under some conditions 
and excessive tree damage in other cases was found to be 
related to the tree structure and its interaction with the har-
vester (Fridley and Adrian, 1966). Extensive field trials 
would be required to formulate these interactions in order 
to find the optimum harvesting parameters; however, they 
would be prohibitively expensive and time-consuming. 

An alternative approach for designing an efficient har-
vesting system is to use numerical methods (Archer, 1965; 
Hurty and Rubinstein, 1964). Experimentally verified nu-
merical models allow a machine designer to economically 
iterate designs to select the optimal design. Finite elements 
(FE) methods are widely used numerical techniques in 
structural design. However, the application of these meth-
ods in the design of a harvesting system is limited because 
of the complicated and non-uniform nature of biological 
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structures such as tree limbs. Moreover, the randomness in 
the spatial configuration of tree limbs and their interaction 
with a harvesting system makes the physical phenomenon 
very difficult to simulate using numerical methods. Some 
assumptions and generalizations should be made to effi-
ciently approximate the physical models and their interac-
tions. FE methods can be an economical way to optimize a 
harvesting system because of their capability to iterate a 
large number of designs in significantly less time as com-
pared to building machines and testing them in the field. 

In the past, analytical models have been developed for 
modeling tree crops and their interactions with various types 
of harvesting systems such as trunk shakers, limb shakers, 
canopy or foliage shakers, and over-the-row harvesters. The 
dynamic characteristics of the tree limb and fruit system 
were predicted using various numerical methods. Fridley and 
Yung (1975) used FE methods to model a whole tree, includ-
ing the fruit-stem system. They developed three special FE 
models to mathematically describe a tree system and evalu-
ated the natural frequencies, mode shapes, and dynamic in-
ternal stress of the complete tree structure for steady-state 
forced vibration. Rumsey (1967a) modeled the fruit-stem 
system as an elastic beam with a concentrated load at one 
end and studied the effect of inertial forces due to the mass 
of the fruits on the bending and shear of a tree limb modeled 
as a beam. Pestel and Leckie (1963) studied the vibration 
response of non-uniform beams using matrix methods. Later, 
the method of transfer matrices was applied by Rumsey 
(1967b) to solve the forced response of non-uniform beams 
using FE methods. Fridley and Lorenzen (1965) simulated 
tree shaking by modeling the limb as a four-cell cantilever 
beam. They used classical Euler-Bernoulli beam theory to 
formulate partial differential equations. The equations were 
solved using FE methods to predict the beam response when 
vibrated with constant force and varying frequency. Schuler 
and Bruhn (1973) applied Timoshenko beam theory with 
structural damping to formulate differential equations for the 
dynamic response of the limbs. They concluded that rotary 
inertia has very little effect on the beam response, while the 
presence of deflection due to shear had a significant effect. 

Phillips et al. (1970) used the Euler-Bernoulli theory and 
the Rayleigh-Ritz method to formulate the forced vibration 
of tree limbs having variable cross-sections. They also inves-
tigated various methods to model secondary branches and 
programmed a computer algorithm to determine the vibra-
tional characteristic of limbs with secondary branches. 
Hussain et al. (1975), Ruff et al. (1980), Upadhyaya and 
Cooke (1981), and Upadhyaya et al. (1981b) studied the 
fruit-stem system using Lagrange’s equation. Upadhyaya et 
al. (1981a, 1981b) used the Galerkin approach to solve the 
partial differential equations formulated based on the Ber-
noulli-Euler beam theory. The transient response of the limb 
under the base impact was solved using Newmark’s direct 
integration method. Adrian and Fridley (1965) modeled the 
tree limbs as a single degree of freedom cantilever beam with 
viscous damping. Ebner and Billington (1968) investigated 
the response of an internally damped non-uniform beam un-
der force vibrations. Hoag et al. (1970) studied the effects of 
proportional damping (internal damping proportional to 
stiffness or mass distribution), non-proportional damping 

(external damping proportional to the leaf distribution), and 
non-linear external damping (or viscous damping), which is 
proportional to the nth power of the velocity of the system, 
on the dynamic response of tree limbs. 

Computer simulation provides an efficient tool for deter-
mining the response of the whole tree to practically any vi-
bratory force by dividing the tree into a large number of 
small element sections, with the mass and stiffness properties 
of each section known from measurements (Phillips et al. 
1970; Yung and Fridley, 1975; Savary et al., 2010, 2011). 
However, it is unlikely that a harvester designed based on the 
response of a few trees will perform satisfactorily for all oth-
er trees. Thus, instead of analyzing a whole tree, this research 
used limb prototypes, which are non-physical representations 
of actual tree limbs. These limb prototypes were derived 
from random individual trees using statistical methods. This 
process involves prediction of the parameters of the primary 
limbs (main scaffold branches of a tree) based on statistical 
information accumulated from a large number of trees. In 
this study, a tree limb originating from the truck of a tree and 
having a base diameter greater than 6.35 cm (2.5 in.) is clas-
sified as a primary limb of the tree. 

The proposed methodology for modeling a tree limb was 
used in the optimization of a continuous citrus canopy har-
vester. Continuous canopy shakers are currently the most 
widely used type of mechanical harvesting system for citrus 
in Florida and are primarily used to harvest oranges. Con-
tinuous canopy shakers have gained popularity and ac-
ceptance over other shakers because they do not stop at 
each tree during harvest and provide a high harvesting yield 
of approximately 95% to 96% (Whitney, 1999). However, 
their operation causes excessive tree damage, which results 
in low yield in subsequent years (Spann and Danyluk, 
2010). In order to address growers’ concerns about tree 
damage and the efficiency of the harvesting system, an 
economical way of defining the interactions and proposing 
an optimal set of machine parameters is essential. 

Thus, a numerical optimization based design approach is 
proposed to predict an optimal set of machine parameters 
that minimize tree damage and maximize fruit removal. 
The methodology involves determining properties of the 
wood, forming statistical models of tree limbs, performing 
dynamic analysis, and building mechanistic models to 
mathematically define the objective functions of optimiza-
tion, as shown in figure 1. This article presents part of the 
research work describing the first two steps involved in the 

 

Figure 1. Schematic of processes involved in optimization of shaker. 
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numerical-based design optimization of a canopy shaker, 
whereas other steps are presented by Gupta et al. (2015). 

MATERIALS AND METHODS 
The following sections describe the methodology used 

to determine the material properties, collect data on tree 
limbs from citrus trees, and model the prototypes of the 
primary limb. 

CONTINUOUS CANOPY SHAKER: CURRENT  
HARVESTING SYSTEM FOR CITRUS 

The current mechanical harvesting system used to har-
vest citrus fruits in Florida is a continuous canopy shaker, 
which is an enhanced version of the design proposed by 
Peterson (1998). There are two versions of this system: 
(1) the continuous canopy shake and catch harvester 
(fig. 2), which has a catch frame for collecting harvested 
fruits, and (2) the tractor-drawn canopy shaker (fig. 3), 
which is only equipped to detach the fruits; the detached 
fruits are then picked up from the ground manually or by 
pickup machines. The principle mechanism used to detach 
the fruits is the same in both harvesters and is accomplished 
by periodically impacting the tree limbs with sinusoidally 
vibrating tines. The tines are 198.12 cm (78 in.) long and 
arranged radially on 12 wheels mounted on a cylindrical 
frame, as shown in figures 2 and 3. The sinusoidal motion 
of the tines is provided by a slider crank mechanism, which 
is powered by a hydraulic motor. 

 
 

Figure 2. Continuous canopy shake and catch harvester (photo cour-
tesy of Ehsani and Sajith). 

 

Figure 3. Tractor-drawn canopy shaker harvester (source: 
http://citrusmh.ifas.ufl.edu/images/history/current/025.jpg). 

MEASURING MATERIAL PROPERTIES  
OF CITRUS WOOD 

The material properties of the wood were determined 
from fresh samples taken randomly from the different pri-
mary limbs of Valencia (Citrus sinensis) orange varieties 
grown at the University of Florida Citrus Research and 
Education Center (CREC). The samples were machined to 
the sizes recommended by ASTM Standard D143-09 
(ASTM, 2009). The dimensions were measured at the two 
ends and at the center of the specimen using electronic digi-
tal calipers with a resolution of 0.0127 mm (0.0005 in.). 
The mean values were used in the calculations of the wood 
properties. The average values of the mechanical and phys-
ical properties of citrus wood were used in the numerical 
model. 

Mechanical Properties 
Three-point bending tests were performed on six wood 

samples machined to a width of 3.81 cm, a height of 
2.54 cm, and a length of 45.72 cm (1.5 in. × 1 in. ×18 in.) 
using a universal testing machine (model 313R electrome-
chanical PC-based tabletop test system, TestResources, 
Inc., Shakopee, Minn.). The samples were simply support-
ed between the knife edges of the three-point bending sup-
port, as shown in figure 4. The crosshead of the instrument 
was adjusted to come in proper contact to the top surface at 
the mid-plane of the sample. The load was applied continu-
ously throughout the test at a rate of motion of the movable 
crosshead of 2.54 mm min-1 (0.1 in. min-1). The load cell of 
the instrument was set to continuously record the reaction 
force until the specimen fractured or failed to support a 
bending load of 2.22 kN (500 lbf). The fracture due to stat-
ic bending failure was identified as the appearance of brash 
or fiber delamination of the wood specimen. Load-
deflection data were acquired from each specimen using 
TestResources R-series software. The wood was assumed 
to be isotropic and homogenous, and the mechanical prop-
erties were determined from the load-deflection curve. 

The modulus of elasticity (E) was calculated from the 
load-deflection (P−δ) curves of specimens using equa-
tion 1. The bending moment (M) and modulus of rupture 

Figure 4. Three-point bending test of a citrus wood specimen (photo 
courtesy of Gupta). 
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(R) were calculated using equations 2 and 3, respectively. 
The modulus of rupture is an accepted criterion of strength 
for wood, is equivalent to the fracture stress, and reflects 
the maximum load-bearing capacity during bending. The 
stress at the proportional limit (σPL) is the stress propor-
tional to the load at which the load-deflection curve is a 
straight line and was calculated using equation 4. The work 
to maximum load (WML) in bending is the ability of wood to 
absorb shock with some permanent deformation. It deter-
mines the combined strength and toughness of wood under 
bending stress and was calculated using equation 5: 
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where M is the bending moment, I is the moment of inertia, 
L is the length of the specimen, δ is the deflection at the 
mid-span of the specimen, A is the area under the P−δ 
curve up to the maximum load, b is the width of the speci-
men, h is the height of the specimen, and PPL is the load at 
the proportionality limit. 

Density 
Three samples of citrus wood were cut from the speci-

mens used in the bending test and tested to determine the 
density of green citrus wood. The change in the pressure 
values of the chamber with or without the specimen ob-
tained using a pycnometer (Ultra-Pycnometer 1000, 
Quantachrome Corp., Boynton Beach, Fla.) were used to 
calculate the volume, and subsequently the density, of the 
specimens using equation 6: 

 
( )

BA

addedBcellBA
sample PP

VPVPP
V

−
−−=  (6) 

where Vsample is the unknown volume of the specimen, Vcell 
is the known volume of the cell, Vadded is the known volume 
of an additional chamber, PA is the equilibrium pressure in 
the helium tank or sample cell, and PB is the cell pressure 
when the cell communicates with an additional chamber. 
The instrument was calibrated prior to the experiments with 
a sphere of a known volume. Each sample was tested five 
times, and the value of density, calculated using equation 7, 
was averaged: 
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Moisture Content 
The moisture content of the green citrus wood samples 

is not required in the numerical model; however, their me-
chanical behavior varies with respect to water content. 
Based on Wilson (1932), the mechanical properties of 
wood, such as modulus of rupture, fiber stress at the elastic 
limit in bending, flexural modulus, and fiber stress at 3% 
deformation, vary with moisture content below the fiber 
saturation point and become invariant above this point. 
Wangaard (1950) defined the “fiber saturation point” of 
wood as the point at which all the free water in the cell cav-
ity has been removed but the cells are still fully saturated. 
For most woods, the fiber saturation point lies between 
25% and 30%. Thus, it is essential to know the moisture 
content of the samples used in the bending test. The mois-
ture content should be greater than the fiber saturation point 
in order to accurately simulate the physical phenomena 
using a numerical model. Nine samples were cut from the 
bending test specimens and were dried at a temperature of 
105°C until no significant decrease in mass was noticed. 
The mass of wood corresponding to this point is called the 
oven-dry mass. The moisture content of the specimens was 
determined from the loss in mass and was expressed in 
percent of the oven-dry mass as: 

 100(%)content  Moisture ×
−

=
dry

drywet

m

mm
 (8) 

Damping Coefficient 
The dynamic responses of tree limbs, unlike other me-

chanical structures, are greatly affected by the amount and 
type of damping present in the system (Hoag et al., 1970, 
1971). The amount of damping determines the ratio of vibra-
tional energy dissipated and the amount of energy transferred 
from the harvesting machine to the fruit-bearing branches of 
the tree. Physically, the damping can be internal, i.e., inher-
ent in the wood and bark, or external due to air resistance. 
The viscous damping due to air drag on the secondary 
branches, twigs, leaves, and fruits contributes significantly to 
the damping of tree crops and is mathematically convenient 
to model because only formulation of a linear second-order 
differential equation is required. Therefore, equivalent vis-
cous damping, which models the overall damped behavior of 
a structural system as viscous, was employed (Thomson, 
1993). The damping is expressed in terms of the damping 
ratio (ζ), which is the ratio of the damping of the system 
normalized to the critical damping (c0), as given in equation 
9. A system is said to be underdamped if ζ < 1, critically 
damped if ζ = 1, and overdamped if ζ > 1. For a single de-
gree of freedom (SDOF), an underdamped system subjected 
to an impulse of time (t) exhibits a response x(t), as shown in 
figure 5, and decays exponentially as given by equation 10, 
where wd is the natural frequency of the system, and x(0) is 
the displacement at t = 0. The logarithmic decrement method 
is a widely used method of measuring the damping ratio (ζ) 
of a system as the rate of decay of response for consecutive 
cycles of the vibration, which is referred to as the log decre-
ment (δ). Equations 11 and 12 are used to determine the log 
decrement and the damping ratio of a system, respectively: 
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An experiment was set up in the CREC research orchard 
to measure the damping of the tree limbs of a citrus crop. 
The response of the tree limbs under dynamic testing was 
measured using an accelerometer (Horvarth and Sitkei, 
2005; Chopra, 1995). Two primary limbs each from the 
top, middle, and bottom sections of the citrus tree canopies 
were randomly selected, and accelerometers (X250-2 data 
logger, Gulf Coast Data Concepts LLC, Waveland, Miss.) 
were installed as shown in figure 6. Three accelerometers 
were mounted on each primary limb at the tip, middle of 
the limb, and near the origin of the primary limb from the 
trunk. The tips of the primary limbs were laterally dis-
placed to approximately 76.2 cm (30 in.) using an in-house 
quick-release mechanism that allowed the limbs to vibrate 
naturally. The responses of the primary limbs were ac-
quired using an accelerometer data logger, and the experi-
ments were repeated three times for each primary limb. The 
damping ratio was estimated using the logarithmic decre-
ment method given by equations 11 and 12. 

 

MODELING OF LIMB PROTOTYPES 
The information gathered during the field experiment 

was used to predict the configuration of statistical proto-
types of the tree limbs. Response surface models (or surro-
gate models) were designed to predict the sectional proper-
ties of the tree limb prototypes. The citrus tree limbs meas-
ured in the field experiment were first classified into multi-
ple sets or zones based on the vibration transmissibility. 
The vibration transmissibility of a tree limb is defined as 
the ability of the limb to transmit energy from the point of 
excitation to the fruit-bearing regions and is a function of 
mass, stiffness, and damping, which in turn depends on the 
configuration of the tree limb (spatial coordinates and loca-
tion of fruit-bearing regions) and the material properties of 
the wood (O’Brien et al., 1983). Tree limbs, having differ-
ent vibration transmissibilities, require different shaking 
inputs to detach the fruits. Therefore, a vibratory harvester 
equipped to provide multiple values of shaking force can 
effectively minimize tree damage and maximize fruit re-
moval. However, only three sets of machine configurations, 
providing three different shaking forces, were proposed in 
this research to minimize computational time and manufac-
turing costs. 

INTERPOLATING TECHNIQUE: CONTINUOUS  
PIECEWISE CUBIC HERMITE INTERPOLATION 

Piecewise cubic Hermite interpolating polynomial 
(PCHIP) is an interpolation technique based on piecewise 
polynomials. These are shape-preserving piecewise cubic 
polynomials whose first-order derivatives are continuous 
and are used to generate smooth curves passing through a 
series of input data points. The polynomial function P(x) on 
the interval xk ≤ x ≤ xk+1 is expressed in terms of local vari-
ables s = x − xk and h = hk as: 
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The inbuilt MATLAB function “pchip” was used to 
construct a Hermite interpolation passing through data 
points using the polynomial given in equation 13 and satis-
fying the conditions given by equation 14. 

RESPONSE SURFACE METHODOLOGY:  
POLYNOMIAL RESPONSE SURFACE 

The polynomial response surface (PRS) approximation 
is a response surface method that uses polynomial functions 
to predict the best fit for the measured data to predict the 
true response of the system (Viana et al., 2009). The pa-
rameters of an approximate polynomial function are deter-
mined using the least squares method. A second-degree 
polynomial model is expressed in equations 15 and 16: 

Figure 5. Underdamped response of a system having a SDOF. 

Figure 6. Accelerometer mounted on primary limb of a citrus tree. 
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where {x} = [x1, x2, x3, x4,…, xk]
T, and {β} is a vector of 

constant coefficients obtained by the minimizing the resid-
ual error {e} between the prediction { ŷ } and data {y} 

RESIDUAL ANALYSIS: CROSS-VALIDATION ERROR 
Cross-validation error is the error at a data point when 

the response surface (also called surrogate model) is fitted 
to a subset of the data points not including that data point 
(Allen, 1971; Khuri and Cornell, 1996). A vector of error 
(ep) is obtained by repeatedly fitting the response surface 
using n−1 points and evaluating the error at the dropped 
data for all n data. This vector of error is called the cross-
validation error or the prediction residual sum of squares 
(PRESS) error. This measure is most often used in calculat-
ing the predictive capability of a response surface as 
PRESSRMS, which is the root mean square of the PRESS 
error. The prediction error at each dropped data point is 
given by equation 17 where Eii is the diagonal matrix of the 
term E as defined in equation 18. The PRESSRMS is then 
computed using equation 19: 
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EXPERIMENTAL SETUP: ACQUIRING DATA  
FOR THE STATISTICAL MODEL 

The tree limb configuration or tree limb parameters must 
be defined in order to analytically model a tree limb. The 
true dynamic response of a tree limb with an infinite 
amount of degrees of freedom is approximated by modeling 

the limb as a finite set of elements in the numerical method. 
Information about the distribution of the secondary branch-
es and fruits must be included in the numerical model, as 
they considerably modify the dynamic response of tree 
limbs by changing the overall mass and dissipative proper-
ties of the primary limbs. 

A field experiment was set up to provide the following 
information to model and analyze the tree limbs using FE 
methods: 

• Spatial coordinates of the primary limbs. 
• Sectional property along the length of the primary 

limbs and secondary branches. 
• Distribution of secondary branches on the primary 

limbs. 
• Distribution of the fruits on the primary limbs. 
The tree data were collected from 54 primary limbs of 

ten randomly chosen medium-sized trees of the Valencia 
orange variety (Citrus sinensis) at the CREC research or-
chard from 28 February 2013 to 8 March 2013. A refer-
enced system based on Cartesian coordinates with the 
origin at the trunk base was employed to measure the tree 
limb characteristics, as shown in figure 7a. The following 
information was used to model the tree limbs: the length of 
the limb segments between two branching nodes, the angle 
from the z-axis (called the vertical angle), and the angle 
from the Y-Z plane (called the horizontal angle). 

Procedure 
The following procedures were used during measure-

ment of the tree limb parameters: 
• The primary limbs were discretized into nodes (junc-

tions where a branch splits into two or more branch-
es), which were either the point of origin of a second-
ary branch or another primary limb. 

• The length, vertical angle, and horizontal angle of 
each segment of the primary limbs were measured. 

• The sectional perimeters of each limb segment were 
measured near the branching nodes and at the center 
of the segment. 

• The overall length, vertical angle, and horizontal an-
gle of all secondary branches were measured. 

Figure 7. (a) Interaction of machine with a row of citrus trees and (b) set of tines in Y-Z plane interacting with primary limbs of citrus canopy.
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• The sectional perimeters at the origin, center point, 
and tip of the secondary branches were measured. 

• The fruits on the secondary branches and on the last 
segment of the primary limbs were counted. 

Assumptions 
The following assumptions were made to predict the 

configuration of the statistical limb prototypes: 
• The sections of the primary limbs and secondary 

branches were assumed to be circular. 
• A branch originating from a primary limb and having 

base diameter greater than 2.54 cm (1 in.) and less 
than 6.35 cm (2.5 in.) was considered a secondary 
branch. 

• The twigs, stems, and leaves were not considered ex-
plicitly in the numerical model, but their effect on the 
dynamic response of the primary limbs was modeled 
using viscous damping. 

CLASSIFICATION OF PRIMARY TREE LIMBS 
The primary limbs measured in the field were modeled 

using a program designed in MATLAB 2011 (Math Works, 
Natick, Mass.) and classified into three sets based on the 
spatial configuration of their fruit-bearing regions (the last 
segment of a primary limb that generally bears the most 
fruits). Equation 20 was used to classify the primary limbs 
into three zones, referred to as the top, middle, and bottom 
zones: 

Top zone: HFBR > 2.29 m (90 in.) 

Middle zone: 1.14 m (45 in.) ≤ HFBR ≤ 2.29 m (90 in.) (20) 

Bottom zone: HFBR ≤ 1.14 m (45 in.) 

where HFBR is the height of the fruit-bearing region or tip of 
the tree limb above ground level. 

PREDICTION OF SPATIAL COORDINATES  
OF LIMB PROTOTYPES 

A canopy shaker interacts predominantly with the pri-
mary limbs in the plane of the tines (Y-Z), as shown in fig-
ure 7b; therefore, it is numerically economical to model the 
limbs as a two-dimensional FE, as shown in figure 8a and 
8b. Figure 8b shows how a sinusoidal vibrating tine with 
forward motion in the x-direction interacts with a primary 
limb. The measured three-dimensional limb data were pro-
jected onto a rotated Y-Z plane, and the projected data were 
then used to construct the two-dimensional tree limbs, as 
shown in figure 8a. It is also feasible to model the tree 
limbs as a three-dimensional FE by adding a few more pa-
rameters, but the improvement in the results will barely 
justify the computational expenses for modeling and ana-
lyzing the limbs. The interpolating polynomial, PCHIP, 
was used to create the smooth and continuous differential 
curve passing through measured data points to model the 
primary limbs. The interpolated primary limbs were then 
used to predict the spatial coordinates of the tree limb pro-
totype, which is a non-physical representation of an actual 
tree limb. The following procedure was adopted for model-
ing a statistical limb prototype: 

• An axis (y or z) having the maximum coordinate val-

ue for any primary limbs in a zone was chosen as the 
primary axis for that zone, and the other axis is re-
ferred as the secondary axis. 

• Equally spaced points were generated between the 
minimum and maximum coordinate values of the 
primary axis for each zone. Figure 9 shows the equal-
ly spaced points x1…xi…xn on the primary axis. In 
this study, n = 30 coordinate values were chosen 
along the z-axis for the top zone and along the y-axis 
for the middle and bottom zones. 

• The parameters of the PCHIP interpolating function 
were predicted for each primary limb. 

• The coordinate value along the secondary axis corre-
sponding to a predefined coordinate value along the 
primary axis was predicted using the PCHIP parame-
ters calculated for each primary limb. 

• Five limb prototypes per zone were designed and as-
sumed to behave collectively and respond similarly to 
the different type of limbs spatially distributed in that 
zone. It would be beneficial to design an infinite num-
ber of limbs in each zone and then optimize the tine 
based on the overall dynamic response of the primary 
limbs of that zone; however, that would be extremely 
challenging. Thus, a few limb prototypes were statisti-
cally designed from the measured limb data to approx-
imate the responses of the limbs in the zone. 

• Assuming a normal distribution of the secondary axis 
coordinate values calculated from PCHIP at the 
x1…xi…xn locations on the primary axis, the 5th, 
25th, 50th, 75th, and 95th percentile values of the 
secondary coordinates were predicted in each zone. 

• The five limb prototypes were constructed for each 
zone by joining the 5th, 25th, 50th, 75th, and 95th 
percentile data from the normal distribution. Figure 9 
shows how 25th, 50th, and 75th percentile limb pro-
totypes were constructed. 

Thus, considering five limb prototypes per zone in the 
optimization of the canopy shaker appropriately balances 

Figure 8. Interaction between a tine and a primary limb: (a) how the 
tine interacts with a primary limb and (b) the direction of forward 
and sinusoidal motion of the tine. 
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the cost of computation in FE analysis and the statistical 
variation in the dynamic responses of the tree limbs. 

PREDICTION OF SECTIONAL PROPERTIES  
OF LIMB PROTOTYPES 

The dynamic response of the limb is a function of the in-
trinsic properties of the limb, such as stiffness, mass, and 
moisture content, and the input energy characteristic. The 
stiffness of the limb, in turn, is a function of the sectional 
diameter of the limb. Therefore, the sectional diameter of 
the limb prototypes needed to be calculated to predict their 
dynamic response using FEM for the optimization of the 
canopy shaker. The perimeter measured along the primary 
limbs was used to calculate the sectional diameter of the 
limb prototypes, assuming a circular cross-section. It was 
observed that the diameter of a tree limb at any section de-
creases as the distance of the section from the limb origin 
increases. In addition, the sectional diameter along the 
length of a tree limb varies depending on the spatial orien-
tation of the limb in the tree structure. Thus, it was con-
cluded that the diameter of a tree limb at any cross-section 
depends on the actual distance of the cross-section from the 
limb origin and the angle made by the position vector join-
ing the location of the cross-section and the limb origin, as 
shown in figure 10. Mathematically, this relationship is 

expressed in equation 21: 

 ( )nnLfD β= ,  (21) 

where Ln is the actual length of the nth branching node 
from the limb origin, and β is the vertical angle of the posi-
tion vector joining the nth node with the limb origin. The 
actual distance of a branching node and the vertical angle 
of the position vector joining that branching node with the 
limb origin were measured for all primary limbs and used 
to predict the sectional diameters of the limb prototypes. 

A polynomial response surface was employed to fit the 
measured data and predict the diameter of a limb prototype. 
The SURROGATES toolbox (Viana, 2010) was used to 
create response surfaces with full and stepwise regression. 
The response surface with full regression involves all coef-
ficient terms of a polynomial response surface, whereas 
stepwise regression only involves coefficient terms having 
|t-statistics| ≥ 1. The response surfaces were selected based 
on the indicator of predictive performance and the indicator 
of quality of fit, i.e., cross-validation error (PRESSRMS) and 
adjusted coefficient of correlation (R2), respectively. 

DISTRIBUTION OF SECONDARY BRANCHES 
The secondary branches modify the dynamic response 

by changing the overall mass and dissipative properties of 
the primary limb. The overall length, circumference, and 
coordinates of the origin of the secondary branch were 
measured. Based on field observation and data analysis, it 
was found that approximately four or five secondary 
branches radiate from the primary limb at the intervals of 
approximately 50.8 to 63.5 cm (20 to 25 in.). This infor-
mation was used to add a secondary branch effect in the 
numerical model. 

DISTRIBUTION OF FRUITS ON PRIMARY LIMBS 
Including the effect of fruits is pivotal in determining the 

dynamic response of a fruit-bearing limb under vibratory 
excitation. The fruits act as an inertial damper and attenuate 
the dynamic responses of the limbs. The distribution of 
fruits on a primary limb can be classified into two groups: 

 

Figure 9. Method used to construct statistical limb prototypes from measured limb data. 

Figure 10. Diameter of a primary limb at any branching node as a
function of the length and the angle of that node from the limb origin.
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• Fruits attached to the secondary branches of the pri-
mary limb. 

• Fruits attached to the last segment, called the fruit-
bearing region, of the primary limb. 

Fruits on Secondary Branches 
The number of fruits on the secondary branches was 

counted. The average mass of orange fruit (0.186 kg) was 
used to compute the total mass of fruits on the secondary 
branches of the primary limb. 

Fruits in Fruit-Bearing Region 
The fruit-bearing region of a primary limb is the region 

near the tip of the limb where the limb branches into a large 
number of small twigs and bears a large number of fruits. 
Information regarding the configuration and number of 
fruits in the fruit-bearing region is significant, as numerical 
models are evaluated in these regions of the primary limbs 
to optimize the parameters of a canopy shaker. 

RESULTS AND DISCUSSION 
The current problem of canopy shaker optimization has 

two competing objectives: minimum tree damage and max-
imum fruit removal (Gupta et al., 2015). The machine pa-
rameters, such as tine configuration and operating parame-
ters, should be designed to minimize tree damage without 
compromising fruit removal. For example, stiffening the 
tines would result in higher fruit removal, as it would trans-
fer higher vibrational energy to the limb; however, this 
would also cause higher stresses in the limb and thus more 
damage. Thus, the problem results in a non-dominated, 
Pareto-optimal, or non-inferior solution because none of the 
objective functions can be improved in value without de-
grading other objective values (Pareto, 1971). In addition, it 
is not only uneconomical but also overly conservative to 
optimize the canopy shaker parameters for the worst-case 
condition, which protects every tree limb. Therefore, the 
average values of the tree parameters have been taken to 
represent “typical trees” in the optimization of the canopy 
shaker to save not every limb but the maximum possible 
tree limbs. This is achieved by calculating the mean assum-
ing a normal distribution of the tree parameters, such as 
mechanical and physical properties, spatial distribution of 
limbs, and distribution of the secondary branches and fruit 
mass. 

MECHANICAL PROPERTIES 
A summary of the mechanical properties calculated from 

the three-point bending test is presented in table 1. The 
means and coefficients of variation (CV) of the mechanical 
properties were calculated from the load-deflection curves 
shown in figure 11 using equations 1 to 5. The elastic mod-
ulus and modulus of rupture were used in this research for 
the formulation of the numerical model. The other two 
properties provide knowledge of the elastic behavior and 
shock absorbing capacity of the citrus wood. Figure 11 
shows the best fit curve and the load-deflection curves from 
the bending tests of the citrus wood samples. 

PHYSICAL PROPERTIES 
A summary of the measured physical properties is pre-

sented in table 2. The mean and coefficient of variation 
(CV) are reported for each property. It was found that the 
moisture content of the samples used in the bending test 
was greater than the fiber saturation point, indicating that 
the measured mechanical properties of the citrus wood are 
invariant with moisture content and thus can be used in the 
numerical formulation. Figure 12 shows the underdamped 
response of a citrus limb when displaced and allowed to 
vibrate naturally. The average value of the viscous damping 
ratio of citrus limbs was found to be approximately 11. The 
high value of the damping ratio suggests that the damping 
in tree limbs is highly dependent on the air drag on fruits, 
leaves, and twigs (viscous damping) rather than the materi-
al properties of the wood (structural damping). The friction 
coefficient between wood and steel was not measured but 

Table 2. Summary of physical properties. 
Physical Property Mean CV 
Density (kg m-3) 1450.8 2.8% 

Moisture content (%) 42.4 14.15% 
Damping ratio (%) 10.78 24.70% 

Friction 0.36 20.97% 

Figure 12. Underdamped response of a citrus tree limb. 

Table 1. Summary of mechanical properties of green citrus wood. 
Mechanical Property Mean CV 

Flexural modulus (GPa) 8.5 11% 
Modulus of rupture (MPa) 67.3 4% 

Stress at proportional limit (MPa) 45.3 13% 
Work to maximum load in bending (kJ m-3) 193.2 28% 

Figure 11. Best fit and load-deflection curves of green citrus wood. 
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taken from the research of McKenzie and Karpovich 
(1968). 

MODELING LIMB PROTOTYPES 
The primary limbs were classified into three zones based 

on their spatial distribution in the tree canopy. The models 
were formulated to predict the spatial configuration and 
properties of the limb prototypes. The statistical infor-
mation from the field measurements was analyzed and used 
to predict the distribution of secondary branches and fruits 
along the primary limbs. 

CLASSIFICATION OF PRIMARY TREE LIMBS 
The primary limbs, classified into three sets, have simi-

lar dynamic responses owing to their properties, distribu-
tion of secondary branches, and configuration of the fruit-
bearing region. Figure 13 shows a three-dimensional repre-
sentation of the citrus primary limbs analyzed to predict the 
statistical limb prototypes. 

PREDICTION OF SPATIAL COORDINATES  
OF LIMB PROTOTYPES 

Sets of representative or prototype tree limbs were de-
fined for each zone. Figures 14a, 14b, and 14c show the 
spatial distribution of the limb prototypes capturing the 5th, 
25th, 50th, 75th, and 95th percentiles of the primary limbs 
in the top, middle, and bottom zones, respectively. The 
dashed lines show PHCIP-interpolated limbs passing 
through the measured data points, which are represented by 
circles. It can be seen that the limbs in the top zone pre-
dominately radiate at an angle of 0° to 20°, grow straight 
up to a height of 3.05 to 3.3 m (120 to 130 in.), and then 
curve down slightly at the tip, as shown in figure 14a. 
However, for the middle zone, the limbs are thick, long, 
and hang down gradually after growing approximately 1.22 
 

to 1.52 m (48 to 60 in.) due to the weight of the fruits, as 
shown in figure 14b. The limbs in the bottom zone origi-
nate and grow near the ground and are comparatively thin-
ner, shorter, and curve down steeply near the tip of the 
limb, as shown in figure 14c. 

Figure 15a compares the spatial distribution of the 50th 
percentile tree limbs and 90% bounds of the tree limbs in 
the three zones. The spatial distribution of the statistical 
tree limb prototypes forms a half-section of a hypothetical 
tree structure, as shown in figure 15a. The components of 
shakers will be optimized based on their interaction with 
the limbs of this hypothetical tree structure rather than any 
actual tree, as shown in figure 15b. Thus, the tines that in-
teract with limbs in the top zone have a different configura-
tion, based on the amount of shaking force required by 
those limbs for minimum damage and maximum fruit re-
moval, as compared to the tines that interact with the mid-
dle and bottom zones. 

PREDICTION OF SECTIONAL PROPERTIES  
OF LIMB PROTOTYPES 

Tables 3 and 4 illustrate the error norms of various sur-
rogate models formulated to predict the sectional diameters 
of limb prototypes in all three zones. The surrogate model 
that had the lowest cross-validation error and the highest 
adjusted R2 was chosen as the best fitting model for each 
zone. Thus, the third-degree polynomial response surface 
with stepwise regression was used for limbs in the top 
zone, whereas the third-degree polynomial response surface 
with full regression was used for limbs in the middle and 
bottom zones. The surrogate models, thus formulated, for 
predicting the diameters of limb prototypes in the top, mid-
dle, and bottom zones are given in equations 22, 23, and 
24, respectively: 

Figure 13. Three-dimensional view of citrus tree limbs and their classification into three zones. 
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Figure 14. (a) Spatial modeling of limb prototypes for the (a) top zone, (b) middle zone, and (c) bottom zone. 

Figure 15. (a) Spatial distribution of limb prototypes of a hypothetical tree and (b) interaction of a canopy shaker with the limb prototypes. 
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where the diameter (D) and length (L) are in inches, and 
angle β is in degrees. 

DISTRIBUTION OF SECONDARY BRANCHES  
AND FRUITS ON PRIMARY LIMBS 

Modeling secondary branches and performing dynamic 
simulations is expensive; thus, the numerical model was 
simplified by aggregating the mass of the secondary 
branches and fruits on the primary limbs. This was done 
based on the study by Phillips et al. (1970) to simplify the 
computation in FE analysis. In addition, a preliminary FE 
analysis was performed to analyze the effect of modeling 
the secondary branches and fruits as a lumped mass. That 
preliminary study concluded that mode shapes and natural 
frequencies differ only by fractions as compared to a model 
with whole fruit and secondary branches on a primary limb. 

Distribution of Secondary Branches 
Figure 16 shows the distribution of the mass of the sec-

ondary branches on the primary limbs in the top, middle, 

and bottom zones. From figure 16 and the field observa-
tions, it was concluded that the secondary branches that 
sprout near the primary limb origin are thick and long com-
pared to those that bud out near the tip of the primary 
limbs. It was observed that secondary branching of the pri-
mary limbs in the top and middle zones occurs between 
lengths of 50.8 to 101.6 cm (20 to 40 in.) and 254.0 to 
304.8 cm (100 to 120 in.), whereas secondary branching in 
the bottom zone occurs between lengths of 50.8 to 
101.6 cm (20 to 40 in.) and 203.2 to 254 cm (80 to 100 in.). 
On average, primary limbs in the top and middle zones 
radiate five secondary branches, whereas primary limbs in 
the bottom zone are shorter and sprout only four secondary 
branches. The average mass of the secondary branches was 
taken for every 50.8 cm (20 in.) segment of a primary limb 
and modeled at the location where the secondary branches 
stem out from the primary limb. The secondary branches 
were modeled as a lumped mass on the primary limb in the 
FE analysis, as presented by Phillips et al. (1970). Table 5 
provides the average mass of the secondary branches in 
each zone. This indicates that the primary limbs in the top 

Table 3. Surrogate model to predict the diameter of limbs of the top zone. 

Zone Error Norm 
PRS-Linear, 

Full Regression 
PRS-Quadratic, 

Stepwise Regression 
PRS-Cubic, 

Stepwise Regression 
PRS-Quartic, 

Full Regression 

Top 
PRESSRMS (%) 9.4 9.1 8.8 8.9 

Adjusted R2 (%) 86.5 87.3 88.2 88.0 
 

Table 4. Surrogate models to predict the diameter of limbs of the middle and bottom zone. 

Zone Error Norm 
PRS-Linear, 

Full Regression 
PRS-Quadratic, 

Stepwise Regression 
PRS-Cubic, 

Full Regression 
PRS-Quartic, 

Full Regression 

Middle 
PRESSRMS (%) 10.6 10.0 9.9 10.0 

Adjusted R2 (%) 80.7 82.9 83.2 83.0 

Bottom 
PRESSRMS (%) 9.6 8.9 8.8 8.9 

Adjusted R2 (%) 81.1 84 84.7 84.5 

Table 5. Average mass of the secondary branches in three zones. 
Zone Mean (kg) 
Top 0.4036 

Middle 0.4236 
Bottom 0.3602 

Figure 16. Distribution of mass of secondary branches in three zones. Circles represent measured data. 
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and middle zones not only have more secondary branching 
but also weigh 12% and 18% more, respectively, than the 
secondary branches in the bottom zone. 

Distribution of Fruits on Primary Limbs 
The fruits attached to the secondary branches were mod-

eled by aggregating their mass at the location of the sec-
ondary branches on the primary limbs. Figure 17 shows the 
distribution of fruits attached to the secondary branches of 
the primary limbs in the three zones. Table 6 provides the 
average number of fruits attached to the secondary branch-
es in each zone. There is no significant variation in the dis-
tribution of fruits on the secondary branches radiating from 
the primary limbs for the three zones. However, the aver-
age numbers of fruits attached to secondary branches in the 
top and middle zones are respectively 30% and 21% more 
than that of the bottom zone. 

Table 7 provides the information needed to configure 
the fruit-bearing region of a primary limb for each zone. 
This information is significant because the numerical mod-
el would be evaluated at these regions to optimize the shak-
er. It was noted that the length of the fruit-bearing region is 
approximately the same for almost all limbs irrespective of 
zone; however, the distance of the fruiting-bearing region 
from the limb origin is greatest for the top zone and small-
est for the bottom zone. Whitney and Wheaton (1984) 

showed that maximum fruiting occurs in the middle zone of 
citrus trees. A similar finding has been found in the current 
study as well with maximum fruiting occurring on the pri-
mary limbs of the middle zone, with an average fruit count 
that is 41% and 13% greater, respectively, than that of the 
top and bottom zones. 

CONCLUSION 
This article presented a methodology to analytically 

model limb prototypes to be used in shaker optimization. 
The spatial coordinates of the limb prototypes were pre-
dicted based on statistical information from citrus tree 
limbs. Response surface methodology was used to con-
struct models that were used to predict the sectional diame-
ters of the limb prototypes. The secondary branches and 
fruits were modeled as a lumped mass on the limb proto-
types to be considered while evaluating the dynamic re-
sponse of the primary limbs using FE methods. The fruit-
bearing regions of the primary limbs in each zone were 
used to quantify fruit removal in optimizing the canopy 
shaker (Gupta et al., 2015). The mechanical and physical 
properties of the citrus wood were determined from tests 
performed on freshly cut samples of citrus wood. The ana-
lytical models of the limb prototypes and the measured 
mechanical and physical properties of the wood were used 
to formulate finite element (FE) models of the limbs. The 
dynamic responses of the limbs under external excitation 
were predicted using a non-linear implicit FE method. The 
FE results were then used to optimize a continuous canopy 
shaker, as presented in the second part of this research 
(Gupta et al., 2015). We expect that this methodology will 
be the start of a novel way to optimize other vibratory 
shakers based on modeling tree limb prototypes with cer-
tain configurations and with certain known properties using 
numerical models. This research also demonstrates the pro-
cedure for finding the mechanical and physical properties 
of freshly cut wood to be used in the numerical models. 

 

Figure 17. Distribution of fruits attached to secondary branches in three zones. Circles represent measured data. 

Table 6. Average number of fruits on the secondary branches. 
Zone Mean 
Top 12.6 

Middle 11.7 
Bottom 9.7 

 
Table 7. Configuration of fruit-bearing region in three zones. 

Zone 

Distance from 
Limb Origin, 

cm (in.) 

Length of Fruit- 
Bearing Region 

cm (in.) 
Fruit 

Count 
Top 335.28 (132) 77.72 (30.6) 14.4 

Middle 314.96 (124) 83.31 (32.8) 20.3 
Bottom 284.48 (112) 82.80 (32.6) 17.9 
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