CH.2. Theories of <Siress A Stain Ll

® 2.l. Stress
o Intemal forre  of area oA on fhe plane &

@ Internad force
2B =

) 3
Nor ~+amgonhial)
Boree | P o)gce

. stress  vector o

q:= parnlll Ao <F
. Normal  stress  vector Z shear Stress Vvector
On = Os =

2.2. Cartesun Component oP Stress
®  iDparont plane ® has different stress

.Use 3 planes nhormel o =, g,  aves,
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- L2

Plane O
IAE sA = dy X dz
PN :—_,é'F&?-\-AF%é\—FbEQ

P Arom Newten's  law, ~H1\e same stress applies
in the plane @ ,(negative X —plane )
. Repeat §- omd z- planes
(@x,@%,@rz), ( Gy, & g;z) (Bz, Tz %)
2.3, Symmetry, of? s*fwess,
. Cartesian  compsnent o stress

’T:[ X Stress tensor

am—

® ng\bnwm 0P anaulav‘ momertum
A "A/Q(O;&"‘Osz)
@al‘ﬂ\; TQ}‘& M?
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o @a 2087( , Oz =0zx %:Va&
= Shess Tensor 1S symme-m‘c

T =

—

Y_ﬂ T 0*1
RVAR K ~ . G;l O;‘Z- 03-3
¥ JifRrewt nofotion = | L o
X Stress acting  on arbrlmr‘g planes.

stress on a plane whase  normal o N =L m,ngT
N=L724+mj+nk e

S"('VES’S' vecter ach‘arg on —H\e Plane
T(") -

* horce egu.ilibrmm in x—dir "

g Am ~Ugy AN =0

B =
Similari
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1o
> Once  stress CcmPonen-}s (n AYz Coord. are 8(\)90’\;

® stress actr n& on a/& direction can be Po(.md,
o Normal stress

Be) -2 '"7J ' caboudaty rormal 2. shear
[7 ‘2 2 Stresses on the plane given
Bk by 4x-ay t2z =2,
N4, —4—,2}T aPter normali zotien

® D=

, 1 37 17\ = )
Im)':-' [T)-N = 3 [“1 4 O]])-—z = f;{
-1 6 XJ|| —4
Tn=TY 0 =-5x2-ax 2 40
n A __ 3~ ’3"‘"‘4)“3

— —
o—

NTMN = 5+ 2> +4" =45

Os = |45-4* =73

2.4 Siress TromsRrmation £ Princpal Stresses

1. Expres stress 0Jxye in xgz—c_;ord. o sthess

~ 7/, ! /
o |l I cerd . 74
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b
Let the direction Cosine of x’axis w.ht gz con).
be [0 mi m], Y axs be [l M ], and 27 axis
be [0s ms DNzl.

Define Aramsformation tensor

il

Then, siress vectors th x4 z” axes will be
[ 1_(,/) Ifa/) I{zo l = [Q_Jzaz [&]

V"’

written in AYz ceord. =2 Homsferm in xY'z’ coord

=

am—s—

2. Principad  Stresses,
_ Find a direction \) such that no sheax stess eisfS

= A Princfpaﬁ direction
Ty : principal  stress

- In the pr‘mc?{;a,Q direction, 1_(”) /l A

s Pn‘ncipaﬂ siress.

=2 [9,]..& =)\Q
® _

=

\ e“@&mm&m Prvb)em .
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S
il

AL o
O
@ | "
~How can we solve &7
O M=o : trivial solution X

—

@ clet[g‘-/\_]_.'] =0 . hen—-tvial solution

(also the sslutin 0 pet um‘gue).

~ det LT-AI] =0

= | Bx-X D}a Tz
By B> T | ° cubic €p. w.rt. A,
Dz Gz A

. = (a)
1| =
T2 =
Ig'-:

i

~ 3 rots of Ep (a) (U1 2 T3 203) are principal streses,

- Li, ITa, Iz ! inVamants, :‘ndc'pemdeml— o-P Coord . SYStem.
I| =
I =

o I3 =
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E2
3 Principa direction.
Substitue T imo N in the e@e/m/o.&ca problem and
® solve Rr N=70,m.n{ with constraumnmt P

- PO Repaat for Tn Z G%

Ex) [Cg] = 3 o' | hind 3 princi,:uQ stresses and
: ’ :} Pn‘ncipaﬁ directisn coWESPO”&i'a fo O:?.
3-A | 1| =
I =A 2
I 2 =Al =

[Tlpé=GN* MO OV = T A A
COINT= BNy pi Lo = gp pEA
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> Special Cgses ‘ n
- 2 3 .
D = Umigue N, ,S_); A muhm% o
A_)Q
4
2) = N ond N> are not unigue ., but

—

orthagonal with N

b A"& Hwe Pef‘P%dn‘mlar Vecters'
52y, ,n on plane P are principal dirs,

S, &
Flahe. P

3) = )nycl rostotic State
3
X Any mutually perpendicular 3 vectys

are  principal dirs
2

4
Ex) =21 o 4’ 2/ stes in XYz’ cond?
[o) [, ! o] \42 7 (] :
o 0 2 5 >
Z 2z’

TransRrmation matrix
[a] =

-l Yzl arn ph‘nCv‘P“»Q directions, /]
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3
4. Octohedral <tress .

— mean siress doesn't Cshiribute +o materied fai lure.
= seprate mean sthess {rem  sess tensor.

o Qctahedral stress

N egual amgle with p? principad directions,

(o1, o)

5. Mean amd Deviator Stresses .,

~ Since I, is invariant, pet 1S same Jor M@ Ceord
Hean stress

~ Decompese Stress

Tn O o
q: (Tm_:_[_""_g 07»:[:[0 T d]
- o 9 Um

&

‘deviatoric  stress.
‘ ;o state O'P pue shea/u
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- 3 jnvanomts  of 03
T, =
Ja =
Jg =

——
—

~ Gi has 3 princippl stesses,

§|= b
S, = SitSa+5y = o

S3 = . onlé +we are Mdeye'rdw*,

§ Plane Stress

. 3D pmblem > 2D or D »pmblem
2ppProx.
Plane stress (small thickness ~ =) (no {3ree in z-dir)
=>
= Oza, 994 0376‘ + function P x & Y.

o= [P By .
= Ly @ | = Pane Stess tensor,

- Inmoriants 1= Bx 03y , Ta= det ()

¥ Plane stroun (no strownm i z-dir)
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. Ceord “Trom slermation ( 2~D)

Y d X A=ca B
¢ ) m=0n8 & coo(Z-O)
e
_ TransPrmation tensor LR 1=
=) O}()( - Gxxlaz + Uga m" + 2@}/67)
Uyr = Tax m* 4 Uga,ea—- 20}31”’)
Ty = ~@eTag) Am + Tag (L>=m*)
K %fgonomefrg relation
® co*® = L(1+cs926) =_4*
am*@ = X (1-ce028) = p2
oinS cww@= L am2@ =1Im
=) 036(:
kx =
(0\) — U‘YY::
Ty =

Mote: Txxt Oy = TGix+0gy  © Ist inwariant L
‘ %(U‘ —_— 2 2 . N .
v 0y = ey — Gy - 2nd invariowt Lo
=determincwf‘ T
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7 Mohr's Cirde
F?ear«mmse (a)
( Wxx =2 (Dxt+Qy) =
Oy =
Sguare them £ add,

Eguation oP circle with conter (-31:(@,(—%), O)
and radius K= [z‘:(oaz—oga)’% O}J]y *

= Mohr Circle,
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"Princ;Pa,Q stress - ® & &

‘+in28 = ~;?~QJ_‘&~_
@ Tax ~ gy

gy = BCW 4R
0\22 ngﬂ_._R

(05«>mx = R.

2.5. _E;Zuat:‘on of  Motion

%lg—t—d{. W CBPH\ dz |
Trgheod — |+l bx, by * beds Parce

[ 4b %l#«“‘
® L a bx z+—-

J&)g—-{fl'-
Ty |yt oy

- %
=0 3 (Tuxlatg) oy — (O ool ) g+ (Pt |y ) ~(Tly gy ) 3=0

lst-order Taybr  series  expansion
: (O:"’li&d%)da “'<Oailz—-d%')43
= (O + BB - Gubx + K2 )=

+ (Txg ety )b ~ (T |y-dy ) e
® (Bl T (- T
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o Theoy 20 2% _ ‘26
oTex "5‘3& + bt =0
Zhy=0c_ 2y T4
o g % | __agl? + by =0

ZHz=o) By = Gx (symmetry of stress fonsor)

« Generalizatian +o 3D

cumsmana——

(2.45)

X Intred udng index netation
® 1) x—4d, Y—2 ., 2z—3
P Lol = Gy, 4 =h23.
3) Repested indices man summation
@' - OT| -+ 03;_ + 053

A

Then, the eguation oP metion becomes
( _?_Q_ = A

L “

: Vectsr potation,

il
O

Fodw O+ b
2.4 De%rma-h‘on

|—to—| correspondence
= A (X.9Z)
87"87‘(5(13:2)
F = K (A, 4Z)



nkim
Rectangle

nkim
Rectangle


‘ DfsP)aC@mevd
- U=U (XY, Z) V=V (rg,2) W =AY )
' Displacoment = Rigid body mction + deRrmation
* Smadl delrmation : neglect higher-order -term
Chonge in size - extonsinal sStrwum S, Ty, &=,
- Chamge in shope - shean strmin VA4, Yaz, Yz,
2.1, Strain (Sima Delrmortion)

- 2V — Whew o
_.%JZ-}-% = 2 &y ol<<| | tamod &2 ¢
y o, W
ﬁz=%'zt+7=”-5‘f

%a”"éx, 542=2€z: 7@:’343
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\3__1

> 2igh__convention
extorsional siain .+ : tensile — : compression
shear sHaum . +ionge &  decreases
o Coordinate  TromsBrmation
Given : & &gy, G, Yiy. iz, Y%=
Find | G &y &z "y e Yer
y @

18 dx=dr ol
e!h 1wy ) 6 y =dr.Q
dr & X da-)“g\':"”x daa.drwd({l,fw)
Ex x ax ?X =dr-m

- InPinitesime?  Comporent  aleng x’ axis
dr*= dx* + dy* + dz?

dr*=dr (H+ &F)  (drf)t = [drOtes]

(dr)* =
(dr¥ ) =

o r 1 e A > 2 s
=2 LArCt Edx) ] Cdxtdu)™+ (d%+dV) + (dztdw) Salve Rr &ix

du=
(dv- —)

CdrCHEG0T = (datdu)™ - (dy+dv)™
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Al @l 22|
A (it agh+ G2 ) = dxrs (Blda) +(3{dg)
+28Y4 (dn™+ 22% dndy -0244Y cxdy
gyt @' g By ducy +>Bf e 23thg ey

= (0% Wy) + & (dZ)l-i-D.%%dzdg-{-a%vzdxdg-r 23y g™
—
(dr)
L gy dd, (244 2V dxd
=2 (S () B )R
/

&ax =

. Let +the direc-l-ion cosihes oP xLaxns be ,Q:,ﬂh,

ond +the direction cesines of yYlpxis he A2, m
Eax = Ex Or + Ty m® 4 Yag _Lum
Eay = Exxla + Eggmd + Ty Lom
L By = Enakid < Gggmims + 2 (s b

Similar o Siress Ws%rmod“"”
| ¥ e -m
Let Ca@l= 'ﬁ.‘. rZ‘] or f"ﬂ"[m 2
omd Stram tensr |
?;‘x ’5\-%& \ 3’5&2—1
Eij = _A.Ka 568 ) “&Jge
+%e 3 G

Then, +he HunsRrmation between >3 and x4y’ coordinates
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22~2,

6 PrincipaX  Straun
oy 3" oy |
a3 Sy ==
4 & \ /! _,’ l
-

I G a1 = Exxdy L‘;ar;x:-&)é&clx
Sy = Emdx + =& Yigdy + & %=dz
Sy = 2hydx + Eygdy + 4 Yedz
Sz = £¥zdx + L¥zrdy Fzadz
Rind o direction such +hat dr // &P
Let dr=r, dm=rx , dry=1 , dre=rz
Let SN =)D
= [TaxIx + Tyyhy + &=z = Alx
Exglx + Eyyly ~+ Tyzlfa = ATy

Exzfi -+ Egzﬁb -+ i%zf‘a = Ala

= Téow &y Cz]\i g
Sy G a:]fmf’/\fw ?
L& &= Gallh Iz |

} Some e%en\)aﬁuﬁ proldem with
, stress,
=) MNon trivial <sslutiov when
e‘eﬁ, € -—)\_J_'_‘ = O

=
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~ Thvarignts
:i' =
T. =
L=

2.8 Compatibility Relations,
diepl =3 |

stam = € = all strams cannet be independent. .
Ex) Plane stroun
€x=8F, S=5y, 26y-Ff-+3

S

P DY ey 2V 98 U 27

'aa " o0y’ ap(" = syt Ty T 30y >Ry

2.9 Stram Measurement
SHam Rosettes

c

R b /Mmiadus. the dmma,o_ of /9,8.{.}1
4‘5450 ' 3-directions,

/] A cha/nge in electric resistance

=> /meaquse valm@e cha/nﬁ.a
— hrom Za, €. & , use AdronsRrmatan <p. To

Calcvlate  Exx, Tyy. Exg
— Kote : anly messare surface stoun.
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HW Z - Selve

2 5. The stress components at a pomt in a plate are O

MPa, o,, = 60 MPa, 0,, = 0,, = 20 MPa, o,, = 40 MPa, and
0, = 10 MPa.

a. Determine the stress vector on a plane normal to the vector
i+2j+k.

b. Determine the principal stresses 0] 2 0, 2 03.

¢. Determine the maximum shear stress.

d. Determine the octahedral shear stress.

2.56. A square glass block in the side of a skyscraper (Figure 7

P2.56) is loaded so that the block is in a state of plane strain
(e,=€,=¢,=0).

Zy .
a. Determine the displacements for the block for the deformations
shown and the strain components for the (x, y) coordinate axes.

b. Determine the strain components for the (X, Y) axes.

Y
5 mm
— e 3 mm }<——>
{ A* B __L
=T 77 -1
25mm, |4 \ 1 B|35mm
\ \
f \ \ }
. \\ Im AN X
\ |
\\ i Straight lines
| (Vg
\ \ 1 mm
| el | b
0% ———
0 l c? x
2 mm-» e

FIGURE P2.56

Problems 2T, 236, 261,

. =80

\_2_3_

2.71

2.67. For a problem of small-displacement plane stréin, the

strain components in a machine part, relative to axes (x, y, 2),
are

€, = A(L-x), eyyzB(L—x], €y = 0 (a)

Determine the (x, y) displacement components (i, v), for the
case where the displacement components (i, v) vanish at x=y =0

and the slopes (du/ dy, v/ dx) are equal at x = y = 0. That is,
ulx:y‘:()z ‘)L:y=0=0 (b)
ou A ©
dy =y=0 axxzy:O

2.71. Assume that the machme part shown in Flgure E2 8
undergoes the (x, y, z) displacements

U= cyxz, V=0CyY7, W=C32
where the meter is the unit of length for (&, v, w) and (x, y, 2).
Use small-displacement theory to:

a. Determine the components of strain at point E, in terms of ¢y,
¢y, and c3.

b. Determine the normal strain at E in the direction of the line
EC, in terms of ¢, ¢y, and c3.

¢. Determine the shear strain at E for the lines EF and ED, in
terms of ¢y, ¢y, and ¢3.

d. Obtain numerical values for parts a, b, and ¢, forc¢; =

0.002
m!, ¢y =0.004 m™, and c3 = -0.004 m ™.





