CH3. Linear Stress—Simin "‘M Bi
Relotions
@ 3., Ist-Law of Thermodunamics
“ ASSWmQtion . iso'mes‘c ( same -For all direction) amd |inaar.

+ Ist-Law oP thermodynamics (energy balance )

0 T 1
work dohe by exterm? {re Internal energy  Kinetic en
d I—Etl inpuck incrowendt mcvesfew}aaa

o Specialization for  adiabatic (§H=¢) and
static (8k&)  condition.

® | J

o A member in eguilibrivm
- displacement Y, v,w
~ displacement. vawatisn I Su, Sv, dw (arbitrary
~ strauwm Variation
~work dene by surfce stress =L, Uy, Gp=]

SWs =

@ frpq—> - [ Toouds + [Tyevds + [TRawds

ajs’(c;,(,e@am t Gzen)8udS
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+S_;CCT;6,Q+O&,M+ G‘agn)é‘v&S \.9;.5;
® +_fscoaz,Q+(TaZM+CEzn)5wd3

X Divergoence theorem (surface integ. => Velume m(vea)
f({ﬂ +gm +hn)ds =
s
direction cosine

" Sws - v%(()\xxgu "l'G}aSV“\' Tz &.D_)d\/

o %(@&Su + Gy SV + Ggz Sw) dV

1+ [ 2 (Tae U+ Tge bV Ozzsw) dV

o
~ Work done by boda Rree B=LChBx By Bz ]

5Ws = [ (Besu + By 5V +Basw) dV

Sw = dWs +oWs
— AV 203 202
= [ (2% + 9« 22 4B ) sudV
[ (o +%+%+Ba)5vdv
Vv

T ?_Q“a. swdV
+ Jy —é%* 55 + 5% tBe)

+ 4, T 252 *%(3%4'?6)*032(2&%* )

+ Gy @ai(:a.__»f%%—-) + 222D dV
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X (,{zwra _mdex notatien

sW =
sum oA A a .
- Internal overgy @ integ. of internal energy donsity Ub.
U = | TdV 1
anergy. per volume
sU= | sUdV

- Frem SW"SU

=| 3o

4  Elasticrty and Uos.

. elastic /material ©  petential energd = U

tjo= w(&, Eaa, gzzl 58, 862, az, X, 8/ z, T)
o \binotow o internal energy  density chaun rule)
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. 2
o Fer elastic mateal Lj

. Complemefwlwte_ Internal Ener% Pensity. ,_Co.
o Uni-axial Tonsion problem

Tz DL
¢ - O;ﬂ
QZL%&X T Cot =0, €,
ExdTie |
o T o ( 'g ? Cax

Complomentary. internal energy donsity
ar C'amp)emevrlma stHoun energy density,
Exmx =

e 3D Problem

X O L G are independevd of laachna Pa‘H/l.

."Z‘.:..jaﬁo-f)-fham have +he same
o 4 Co aF pemt A,

hx
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3.2. Hooke’s Law : Anisotropic  Elasticity._ l?-i

N Cv Ca - - Cgl | &=
) U PR
Ozz ' v v ei?
Uzy ‘ N . f ,%'é
Oxz ! : ~ ‘ G2
Gzl L& Ca Cul | 52;

> het &xy, &ge, €
" remove 4

'L, elastic cocefficients
« Relotisn with Ue.

?aOo = Qi = CuSx +Co&gy + &+ +GeVaz

=) Cy = Cah=0G)=

- Csg = Cqe =

Cy =Cya . Symmetric (21 wmponfyw}s)
'5%emQ anisctropic  malirial has 2 fhdelpevdem* el

3.3, Hooke's Law : Isetrepic Elasﬂ'fc‘:tg.

- Issiropy | same material preperty for all directins.
Hcmogenecsus ; /N at evergwhere. .

- ISdmp‘c moterial =D/\ principal stram ( Invarrcm'fs)
use
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X Stroin-Energy.  Domsity. . |29
Us
@

Since  material properties a.c same Br 3 principl
directions

Cyh =Cay "—"Cy; =G

Co=Cs =Gz := C,

s, =
o

’3% C, ( Elz‘l'fzz“"g;'!' 2€, & +2 & 65 + 2 fg_& )
® +7(C - (e &r+ 85
= -%. Ca (8"{' E&“'Es)z*’ _21:<Cl'*c‘) (2;1'1" E:'f* Egz)

Lame's constants

A= C
( = -’-2(c.~ca.)

| Us =

hrom invariamts of staums (pp.21)
£ +6+6 = I,

£ 624 & = It 21,
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Now, ®<Phess LA T, indems oP Cartesiaan Compmen-l:s ES
Us = ‘k)\Ccﬁu-l-%a-kaz)l—f G—(f,;*-%;«-&; +D.E,5 +1£;; +.1%;)

Obtaum  stress —stram relation R linear elastic isotropic  material

Tox = %: )\-j:| 12G Exx %"—‘ Ai_r"lc‘f'%a 0\222}&”"2&%
20 _
TyA2E 308y Fa2GEs  Gumi e

X' hop rsotropic merteriall, only o elastic arstants exist.

T (M6 A A o o o] |&
Tyu A XG )\ © o of |%y

l Tz ? T A XE | o o f&g )
Uy ° © ° G o = W
072 o o o o & o Yoz
(-5-2 | o ) o o ° g | | Y=

=)

Invert. Stress-Sham relation
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¢

Bulk medulua [31
/mean stress  Gn =
volumetric  Stram €= (€xx t Ty *+ €zz)
dm= Ke K=

what hoppen when D=6.5 7

o Plane <shHzun Problem
Ezz = Saz = Eazz o

E
= Tix = cwu)q—w)[("”) Exx +VEy |

E
B = oy LY 8 t (D) £y ]

o Plane Stress Problem

Ozz = Ozz = (Uyz =0
HW. Derive +his

Uax = ,_.E,-)a- (Cax+ 9835) relotion . from
E genernd 3D relotion
Tgy = T (PEect Fy)

E
Oy = 95 &Y

)( Hm‘ncipa.f directions fcr* stress £ Straum are
rdovticel Rr isotropic  matoriods .
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@) No shear simins. Assume plome  stnm in a—d:‘r.
hrom PP- 30

€oo = = (O — L Tyy "D‘O%)
Zaa = :é COEa"')OBG __1)?{) =0 lene sHaun
Ev = B (?r/'" P Jeo ‘1’095)

0_58 = l)qee
= Zoo =
_ Rde _ d@s _ -Rd®
M(d@)" -——R-—- = T]i‘ = %—
e = =
E

—_— Y4
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3.4 Thermo - Elasticrty, 33

- Temperature increase , 21, evFamds same amount
n all directions Rr isstopic, homogeneous maoterial .

{ho shape c:ha/nae.
- combined effect of e =« ‘wi’D chmge_
Sax | total  stam. S  due to the opplied free

- Stress
(oaﬁ N 2G Ele = MNE-3xET) +2G (Ex ~0aT)
= € +2G&xx - (+28)laT o= Gut Gyt &
A EO(
=lc = T2y

Ogy = N\e +2G8y ~coT
Uzz = € + 2G Ezz — CoT
\ O}a = 1&815 , Uxz=2x&xz, ng =2€|'E§-Z

or
- Exx = 2 L —P(Ogyt 0z2) | + olsT

f} Tyy= & L Tgy —» (T +05) ) + Xal
fez = [ Oz - (O +Ggy) ] + X4T

4D ; AU
| Ey= W2 gy, Ba="g Bz, &= E %=
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o Straum En% DQIB‘I"H_ I&
Us = (FA+@ )—ill" D-GT-j:g. ~cLisT + ';2' C (AT)l

O = -i)\(a,-kfaa +f;.z)7‘+ a( 5(;'+E;§ + &3 +1§5+2&§ +2-£;)

~C(EuxtEyytTa)aT + 2Cx (TR

3.5 Orthotrepic  Materials

- Woed, |ominated plate, cald relled steel , reinfdreed cancrete -
~ 3 onihegeral plmes oP symmetry,

g

E_C]: 1C‘” Cia C;j o o Cj

¢ Gi G3 o o o g constants
Cy Gis C3 0 o o

Eaz = — = Tt — Béﬁcga -+ _ELZ,O\Z-Z
~ - l
)45 = @8@'&' Y=g e, Y= _Cfgzogi
Due to Symmetry

Ex,Ey, B2 : orthotropic medule of elasticrty

Gay, Gz, Gyz: 7 shear module
Day  Poisson's rartio (sthaum in y~dir causal by stres in x-dir
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RED

—

From FBD; XA = 2pRL-20sstL -2Qgatl =0

() = + Ugs = —§ P
hrom PP- 33

(EEL_:(T(.‘D% + ExXaT =o :P?XeAﬁPLMﬁM,
Efo = T —pPOL + ExaT
Interfoce andition Sop = Cos at R,

alse Onxo. Plﬁne sthess,

Sice €4 =Ts<KR, Ton=Tos= constaxd _tn .

(2) Eia =5, (T0a - 40a) TOR&T =0
(3) ELs =T=i~:’5<07.s“%<7‘95) tosal =0

(4) 4 = Sos = B (a0 ) +o4aT = 2 (Bs-8 0 )+opaT



3.4. Plane siress & Plane Staom [Frobloms ;
4. 2-D Problems

° Plane siress - X Plane Strom ’
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Frem (1)

1352
x| Hmy |, W .,
Tox= T Tamag T X
2By, Py 4 2B o
_‘,} 2A2Y Y d
CIY. .
X2y
Substitute. into (4)

2 "Tx 4 P b
22, (G gy ) + 23 (G- ) = ~Crho) (20 + 30 2 23

Tx L P, Ty 2Ty - _ (4p) (222 224
=>—5'3(£‘£’+ aas+ o> " Y (1 )(97" 96)

=) (a%:“ +§§;)(@cx+095) = - U""))(:a%f -(-%]28:‘)
‘v'l

Soluition for plane stress Pmblem,

Solutiem +or plove. strain problem
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o bx , by comstant

Harmonic Eg. Leplace Sg.

Solutiom (s Inclepemleui P malorial

|

X Some  solubion R plane stroan & Flame shress
sume  stress | bub Straom, displ. will be diferent

i

<. Air& Stress hunctians

° Special Cose. lx=0 . by=pg gravitecien
Considep an Airg siress Runction 7{008) thed sutisfes

(

Then, ezuilibrium Eg. (1) (o automatically  srtisPred,
Substitute inte Harmonic Eg. (5).

v (3 +eay + Zh ~egy) = o

bi~harmenic  Eg.
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v When  a body Pree i caused by gmvily,

(&)

Solution ¢ = G, Ty, By

3. Sclution ba Pola nomials

( Goad f2r rectongular shope with centinucus loacl»'vg)

o 2nd—— order

|

|

— >

T ca

must satsfy B.Cs,
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\35—5‘

Uax =
Tgy =
O2g =
a
)P = 5TX° Gazo  GymdX  Oxg=o
Miasﬂ
> X
Waag
R
¢3 = %’-:d_ag Ogaao %:o

j EK_ Puhe b%c'ma_

4-. B@ndin& L o Gintilever Paam

G = H2y
t&
Mz= P-x = kx i,f
@zx’*"&z‘é\ = ds2y
2
Gz = 99::\. "d49‘3~ integ
=>
=

o P = b4 baX 4 bsx e baX®
P00 = by +bix + bgx*+ bg X’

T~
N
R
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d \
= % = 3.23‘83+ g()&ﬁ%,x%mx?) L%i
+ (Jf %X—k— bgz—elo:z) j

' no eflect on stress, (lmear&.mns-l;)

1)

O—APP% B.C.
vga:'-o 0-* %‘::\'-C
Tay |y~ = 6 (bal thy) + 2(bsCtbs) =0

Ugala;--c = £(~baC tbg)X +2(~bsC ths) = ©

L b3=b4=b§" :'-LJ:O

Tax = daXy
U“a& = O
Oaa = - %%l~b2
Tay =0 at y=3C
7‘&9'5*(, = %laa.c 2"‘%?C2"bz_ =0 ‘OL"’“%Cz
".APE.IG eguilfbh‘wm
pP= “jozadﬁc =
A
bc3
Momovd of ipertic 1= T3 bﬁc)z T
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| : <
- >
da h\_*.@% )
bl = ?
by
o daxy) =
1
1
?l 7,
QE. o
: ,,h
shanr
N Shar
o Displacemend ,
' y
6‘12 —EL(O‘M"DC%&): %:—-‘E%ia. ‘:’.-—a—io ___(a)
v
Gy = E@y-0Ga) =-2E =0y = -
HL)P - v
')4 :2(2'9)036 -_:___CE‘;: Ccka’-) _‘%4%2 —ce)
~ Iml'egm%e
u= )
wt mde (€)
= ) P

P 2. P .2 d . __'(H’D)P 2_y?
~sEaX "'Fil"'zez‘d‘baiaz =~ gz (7
)P _ )P 2 P 2 - =
=>"5EE*17(1*%+%C; =gz 9 ~3g1 Y "%g = et =4
p—eT

=
f of X fr <P 3
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m(édg%: Egﬁxl— %‘%ec“'-q- a \ﬁ
D= e - 25Y -0

(31(7‘):‘.

:(4) =

S ULY) S

<v(x,a)=

~ Apply BCs (to prevend rigid body matien )

u‘,é:%:o p Q2=0

Vet =e A= 02~ B2 pcil ta+gs =0

PVeed mere B.Cs,
—~Case 1) Mo slope chamee on the walf

2V _ _ ®P H-D
9»!»42 = © = gepd — Er e

=20
ey L'JEI EI ——=Pec

- PO
ds = &%
' E pe: P
S Uy -_Q—E-Iylg_ 15153 -+ % 1' nE‘.r. 2&1)3‘

2, 3
veny) = R xg 120 - B+ B
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3
P o3 B B

— _ 35-9
V'e:c: = 3pr 22T X t3eT, 1289
u)aac. =
y _px . H
‘(f = ’3? - E1 ET
P y3_ Pc?
ulx:,q = - JEI 8 Zax ¢ 263
y Pc:2 \
%8‘;(%@ = % “"5%13 ‘,
|
!
3111%@11}‘ Cross—section doesn’t
— C’ami) remamn stroight
M _ _ _ pp?
) xa_@ = O = Q = —
S 4mc ' 2FT,

2
o) <t + e+ By

- 3. |+ 2 3
vixg) = Lyt g v 2P0~ B x + B8

= RO + P c*
Vlg=° {E:: 2= j ——’%_ + P&I (L—x)
Edfﬂg Shear
3 2
2 Pl Pc20
- -—,;‘q—* L V/g:g =3e1 " a&x
— - = = \ PC’;Q | When fg =\
9 Rotio 3&T \

={ 75 when £ =312

/ 7
/
7

~o whoen 2—‘% =50




HW3 ! Denrive the relatishs in pp- 3! @é

Selve. proble/ms 3.5 315 22|

3 5 For an 1sotroplc e]astlc medlum subjected to a hydrostauc
state of stress, 0y, = 0y, = 0,; = -p and 0y, = 0, = 0, = 0,
where p denotes pressure [FL™2]. Show that for this state of
stress p = —Ke, where K = E/[3(1 — 2v)] is the bulk modulus and
€ = €, + €, + €, is the classical small-displacement cubical
strain (also called the volumetric strain).

3 15 An a1rpla.ne w1ng spar (Flgure P3. 15) is made of an alumi-
num alloy (£ = 72 GPa and v = 0.33), and it has a square cross
section perpendicular to the plane of the figure. Stress compo-
nents Oy, and 0y, are uniformly distributed as shown.

T o, =200 MPa
U‘-‘
o] b=20mm
¥ a 2

S R

FIGURE P3.15

'3.21. A member whose material properties remain unchanged
(invariant) under rotations of 90° about axes (x, y, z) is called a
cubic material relative to axes (x, y, z) and has three indepen-
dent elastic coefficients (Cy, C,, C3). Its stress—strain relations
relative to axes (x, y, z) are (a special case of Eq. 3.50)

o= C16x + Ca€p + Cr€,,

Oyy = Cr€4 + C1€ + (26,

0,, = Che,, +Cye€ vy + Ci€,,

O'xy = C3 '}’xy
Gz = 3%
Oy, = CBYyZ

Although in practice aluminum is often assumed to be an iso-
tropic material (E =72 GPaand v= 0.33), it is actually a cubic
material with C| = 103 GPa, C; = 55 GPa, and (3 = 27.6 GPa.
At a point in an airplane wing, the strain components are €, =
0.0003, €,, = 0.0002, €, = 0.0001, €,, = 0.00005, and €, =
€, =0.

a. Determine the orientation of the principal axes of strain.

b. Determine the stress components.
¢. Determine the orientation of the principal axes of stress.

d. Calculate the stress components and determine the orienta-
tion of the principal axes of strain and stress under the assump-
tion that the aluminum is isotropic.






