CH 4. Tnelostic Material Behavior 137
o Muli-axial stress state = failure oriterion.

: initiohon of inelastic response

4:]. Limitation on unioxial stress -stmin dato

1. Rate of Loading.
“th lood rote — stoin ot Practure w  reduced.

moterial response L less ductile.
increase 3|‘el strorgth and Young’s modubhi,

2. Low Temperature.

o Low temperuture
~ material response ia brittle
3. High Temperature
o High tomperoture
— show creep stHoum under constant laxd carthues
+o incresse until Hocture occurs.

4. Lmdu‘ngﬂ,mlaadﬁ’%.__
o Differont slope for umloadins_ ParHl\

o Bauschinger effect ; A o9t
(]
- Compressive yie\d oCCcurs 2Y
befre -Y. o
o 2
- Tension ~ compression yield o
Stresses avwe 2Y. . ° ’ ¥

5. Multiaxicd Stress Stute D/ ¢

Convert to effective unioxiod stress and compare
with uniaxial stress.




42. MNonlinear Moterial/ RESF""SE

Above linear r\egron ~ elostic, pla$'h‘c, viscoelstc
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UfSchlas't'fC , ob frocture .
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7.

o Monlinear elostic ~unlsadm3 path coincides with loadrre ,xn‘k
o Plastic ~ Remains permament stram abter the laad is relensed.

o« Uiscoelastic ~ Abter wmplete umload»'ﬁa , Ao material
will retum to an unmstrauned state.

o Viscoplostic ~ APter complete umloading, the response :

changes with time, but permanent Stroun remamd. j

#FAracture ~ ) linear = fracture | (2) nonlinear =>vpmdure

(3) crock 8r~ow+h with load repetition = Bocture

@) ropid crack

grow’rh =) Rracture ,

4. Models of Unioxiad Stress —Strun Curve

- Two Hgpse P gielding (gbrupt 2 gradual)

o

B C

loading

C
O:r_ _ //~ B~ leading,
yun \oaC‘ng
A /
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elastic- perfectly ~plastic elastic -l mear- stmin-hardening
< . ~
N 1> bad‘;"c‘j(P\asﬁc) T ‘% (plstc]
0 vumloadu‘»g (elastic) \ UM(WMQ‘] (elostic)
€ T
< i
!
A
rigid perfectly plastic rigid straim hardening plastic

selastic part (o l‘@nor‘@d Cmetad 4%”'“;'8 )

- Monlinear elastic . u/niﬁue relation blw stress & straun
Cpotentiad function) . path independent.
~ Plastic : sthaw depends on +the hTS‘ﬁSP& of loadwa L (M\lomdma

|
|
|
|

poth  dependent
Ex 4.1
/ clastc T =
o Plasﬁc g =
oz —°t

T
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N
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P 1
- member LGree H = Tz 4
P
- momber stres o~ = £ = S5
- elastic re gion ( €< & = % ) ,— Clongatian
@:

e =

~ At Plastic !Qegron

coe=
C

Example 4.2
[
“'J\'J \ s Ps P B Pio Pes
ale o Lo L 91

1 D 1

ve I

Elastic per‘Ped’laL plastic mafernual.

E=20c0 Gk, Oy (M1, RS) =250 M Oy (F4, €D, HT) =500 MIj

All members (il have same displacemendt .

€ = & = Thg =ZHT = ERs. Ep= % E

Uy = Oy (R&,C0,HT), Ty (MM,Rs)= 20y,
@) which member will gied First 7 (MU, RS).
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5
’.erﬁ;/& A(4><——‘- E + 2;: E): ‘ZFO?A

¢
= ;;-'-xsooxto x lbox)5 ¢ =112.1T KN,

(b) Fubly plostie lsod Po.
ak /memlam are in the plaske ugeon.
P Z(T_AA =(40y x2+ Gxx¥3) A = 40vA
= 4X 500x]|0 € x100x16° = 200 KN

¢) Load- displacement dnaﬁmxm A

p o
stage 4. ¢ af 2loste B T horizontal
stoge 2 MV, RS plostic A
61"08-93 » Ré, HY plastic
' lastic £e S
stuge4 . Cb plast I Y
@ P::”D"S- km) U= E .LHU = i L = M'l = [,\25mm,
Y 2E 2-200x10%

D prg(ax-e +2xT g + L€
~ _ =
= = GYA = |75 K. U )

@ P-_-;woklu U= mm

(d) Residual Rres in the members,
Assume all of Hhom are um the elostic chad&ré
elastic slope ©A /I DE

na.s _ 200 HE = 2.222 mm,
Lh2s e
EA2E = EA2C
APHU = /JPRS = APﬁ"é‘y = ﬁﬁ"ﬂ' = LMD APCD L.ep




2
17HIO= (DHMY —~A\%M: 25 — 4444 = —|9.44 :HQ$ E‘-_\_
Pra = fraxr —2Bg=50 —4444= 556 =FPu3

PCD = PCDY — LRp=506-22.22 = 2773
r-L 1 T 1 \k

4.3. Yield Criteria.
Unioxial stress = mubtiaxial siress stele,
° %S"HCT*&} H'\Gﬁf&} — material behavier affer il yd‘dfl-
- vie d criterion ~ initiation  of yreldiv&

— Flow rule - plastic stram incremend Vs, stress incremet
- hardening rula - charge of Jred surface.
o Yield criteria {2r muttaxial stress.
- Define effective (e[fufvalw) uniaxigd stress,
- Compore ik weld umicaxiod stress.

- Described wually by yield Runetion }JC ‘I

r

-1

L
~ effative  stress Qe
- vield surface , £ =o, o olten plotted in +he

principal stress space (Ui, Gi,Oy)
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1. Max. Principal Stress  Griterion ( Ranking) 43

- HMaterial yields when max. princippl  stress T
reaches tensile strength Y.

= Do effect from other principall streses. st acurate
Por ductile materiols, but geed f2r brittle matariol

1 X
& Ty T
\l’ Ji T2 a, 7@.
T1—0a
Tnax = O' Tnox = =5,

2. Max. H‘fncimﬁ Stroum  Criterian
-~ Mox. principal strain renches yield stram o uninxial +est

&= &

T
- For bioxial stress, €=T " "= . Thu, giel

con begin fr V>V luot accurwév Rr ductile materad.
Relatively gocd For  brittle material,

Te = Max |g: - PJ; ~v (yk‘ . ePhactive stress,
J*J# qb‘
WMW\ J3=0 <
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3. Sirain - Energy _DRonsity _Criterion

- Material yields when 30 stum-energy demsity = strun-

erergy demsity of uniaxiod test at gield.
= 5g [0+ 0 0% 20 (A G +TT3 40109 | =

~ biaxigd stress Ti=0,=0, =0
Op = 55 (200002 ] = 5 Y7
= 20-p)T*=Y" when 5 T = Y/IZ

L=0

~ Unmiaxial stress G =T, Tuv=03=0
—LO‘ —L'Y s, g =Y d} S;QH'

~ 3D shress

- Yied surface ell:psa;d

T
ﬂ/’?\) =045
? G.‘

v=0, sphere, rodus=Y
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- Resistonce to shear force along +he slip planes
L relatively smal. => yield criterion W based oh

shear siress.

1. Max. shear Stress (Tresca) Criterion
- Moterial gields when Tmay = may. shear ot ateld
in uniaxiol est
Tnox = 2 (Foax ~Tpuin) = Tr = =

uniaxiof tensien test
m:\r; OB-:O;:O
p=a - L

- —f Lo Weau.la/u hexaeon th Prfncipa.@ stress space.
~ Good  agreement (with experimental resuwlis
- Pure shear Hest Tr (o about 15% higher than TTresa theaty.

=) conservatiVe criterion.

}4-5
44. Yie ldfre_ of Ductile Metnls
o, 4 I
Safe region
|
« Failure in max. shear stress theory ;
Safe in distortion energy theory

C~ Tresca Criterion

»

N 01

von Mises Criterion
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2. Distortional Energy _ Dersity Cvon Mises ) Criterion lﬁ
- Materiol yields when distortion stran energy  density

—

= distortion stran energy. density at gield in the
uniaxial -onsile test.

- Distortion energy = energy associated with a
ohwn@e in +he shape o a boda

vctma,.tm‘c d:“;'brﬁam-o
Stroum evergy Stioum energy donsity .
density

I, = :—2-‘5 Lo+ + 03— 20 (T T3 +Ti T3 *0303)1_

Um =

Uh =

Strain energy derstty with  Ti=02 =03 =Un.
= ';i_'é[(Tmz‘-\-O‘m"—l-O‘m"“ll)(O"mU?n “‘07"0""‘*07”0_‘"‘)]

_ 3 U - Jit+03 42
&Th“:’z’. = [: 3 J |
e |
-2 COa03% 0346703 40103 403 0y 7
|
|

Ud =

i

1l
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- Distortion onersy, o 1D (T=Y, TB=T=o) <al
Udy = & G~z<:+u)

m& L0 +(@-03)+ (-3 ] = 25 ¥

-~ Yield Jumction

—» von Mises stress,

~ second deviatoric stress invariomt Vi

~ Alternative a{elcl function : =0
- Use octohedml stress Toct _on pp. 5.

Toct = —é,/cox—va)ﬁ © 030"+ (@303
=)
—g- = 0.47] ‘

=)

- Yreld surface v a cylinder that covers Tresa hexagen.

~ Broxial stress (o ellipsoid _m O-0a plane,
~ Accuroke %r‘ ductile metal. more acural Hun Tresa .
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) Tu=—-T=T, Gy=o0. 43

- von Mises yield Fumction
P=3g2-T*=0 O=7
MAX. shear stress Tpay = =19~ = o
Thus, moaterial yields od G = Tnw = T

- U _
=) TY"' = = o517

Max. shear Stress critenon Tp= o5,
. Tresaa criterion w /more conservative,

= Tresca W easier 1o apply.

~ ven Mises critericn has antinueus nermad vector
=) cehvenient for aompu+a+iana£ plasticity

3. Hydrostotic  Stress & 7C—plane
~ hhostotic  stress does not contribute to yield.

Q24 . -
hydros*(-a'hc axis

-rwo P]mes are diPPeVBM(: ba W’.
A devioforic plane.

7(7*‘
03

- T-plome ! deviatoric plane with Gi=03=G=0n=o0.




Tresco h@(agcn

- T pure shear

Von Mises
—von Mises aielcl surface

b circle in TC-plone.
~ Tresca yiekd surface w regular hexagon.

4.5. Alternative Yield Criteria
1. Mohr-Coulomb “ield Criterion
- Reck & concrete depemls oh hydmsfoﬁ'u‘c stress,

= Compressive  Um incrense> gield resstance
diPlerent yield stesses for tension & compression.

— Mafa'\‘aﬁ P)"o Peptl\es N ( '..C:Ohes;;n ‘Prqd..cn ¢

— Mohr=Coulomb 6?0\& Pnction ¢ T >0 70‘3)

— I D tonsion
\ﬁr =
v Compression

2c cod

26f (=% G =03=0
& aing =¥, T1=03=0)
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~when T £ Ye are avaldd®, malewnl Ls\é
properties :

c=2 \a¥e ings= %

- Yied surface @ Irmau,@wa. hexagon. in TC plane.

2. Drucl/er-Pmaer Yield Critenan.

— Qevernlization of va Mises criterim with hydrosttic
stress.

~Yield fimction r

_ 2.amd _ bccood | .
Y= FCooang) KT AGaag) compressio

_ __2.amd pe
3(3tamd) K'= ﬁ(cs_::jﬁ) oratin

3. Hill's Criterion +or Orthotropic  Haterials

~ Generalization of von Mises criterion.

~ Lot X,V Z be 3 yield fersile strogth of 1,2,3~dirs,
and Si2, sp, Sa3 1 shear gield streigth.
2R=FIP ", 26T e
2H= 3 T "R, al=33,aM=3F W33

- For iwstropic  moterial, SA=6G =6H=L=H=0 = Mises.
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4.6. Generoll \ﬁ‘eldina_ l-lij
~ Failure load | load R+ which the load-deflectin curve

for the mewber beewmes nonlingan,

Hlew bound load fr gememl yielding medes

~hully plastic load * all cross-sections are yielded.
- upper bound. for elostic-perfectly plastic mat.

6 Falure Load
~towsion + R =

g
-—loandina \ HT= C 10
A M

o hully Plostic Load
" elastic-perfectly plostic mat.

&
Y

.._.._.. 2
M= Yb X \.M%.
.. Por tonsion, P=R =R >temsion
Fer bondimg Mp= 7M
r dw@ p= 201r E/f\r

~No Pully plactic losding Yer strmin hordenig material.
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1. Elastic - Plastic _Berding _ e~

- hectanguln.  cress-section (bxh) beam (elostic-perRetly plost)
Ly

A ‘

h ) : |
2

h = % Ei

po ‘ '-fy‘\
A2 |

ot |9-E|————)'
, T
~ Max, strun heRre -Fracture
Ezz= & = _kE&y He>1.

=-h
2k .
~ Eguili brium oF moment .
Z My = =0

H'—':Mepz

. In the elastc region

= ai Tbde + Yb(R)-Yby?
= :‘rth - 3YbYT
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Mep = F7bi - $vb (25 ) 2

RIS

as b becames large  Hep— 2Hy = Mp
?J%L plostic memenct.
~ Residual b@nclmg moment
Apply. Mx=—Mep 6las+l‘ca£%, => Ueg (4)
Residual stress = Ugp —020 .
<. Fﬂ»ﬂ% Plastie HMoment

~ 3reldw5 either. tonacen or compressisn over the
evitire cross—sectian.

—2—
f I_\ Veutrad =
b

3. Shear Effect {or Beam Benclm\g__‘
L=/

KT

HP=
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Example 44  When HM=[28My ,  Yy=7? \54
Mep = My [2 - 5] =126 Hy = 2 Hy

v S R AT L ey
h

- oy T 2k T 2B,
5. Comparison of Failure Griteria

- Tresca £ wn Mises aiteria are accep-fable R
rsetropic ductile metols.

— When &feld&'g occurs fur tonsile test :
4) max. princippl stress Or =T.
2) max. principel stram € = Sy & V/E)
3) Stram energy denstty  Ub = 3
4) max. shear stress Tmax = G (=Y72)

| 5) distortion onergy density  Ud = Udy ('-"-'}2')
¢) Crtohedrmal stress Tt =3 Y

6. IM?(preto\tn‘cn o Failbure Criteria
~ Max. difPerence b/t Tresca & v Mises © shear




Hw4. Solve prablems 44 4.7 4.24 433 li-

4.4. The members AD and CF in Figure P4.4 are made of
elastic—perfectly plastic structural steel, and member BE is
made of 7075-T6 aluminum alloy (see Appendix A for proper—
ties). The members each have a cross- -sectional area of 100 mm>.
Determine the load P = Py that initiates yield of the structure and
the fully plastic load Pp for which all the members yield.

FIGURE P4.4

4 17 The structural steel inaT- beam has a yleld strength Y=
260 MPa (Figure P4.17). The critical section of the beam is
subjected to a moment that causes compression in the top fibers
of the beam. Determine the fully plastic moment Mp.

r<——— 200 mm ‘——ﬁ;_

50 mm

200 mm

50 mm —~ e

FIGURE P4.17

4.26. Con51der a cantﬂever beam of rectangular Cross sect1on of
width b and depth . A lateral force P is applied at the free end
of the beam (Figure P4.26). The beam material is elastic—
perfectly plastic (see Figure 4.4a).

a. Determine the load P = Py that causes initial yield in the
beam.

b. Determine the load P = Py that produces complete yielding
of the cross section in flexure.
c. Compute the ratio Pp/Py.

< L

_ _FIGURE P4.26

4.33. The shaft in Flgure P4 33 is suppor[ed in ﬂex1ble beanngs
at A and D, and two gears B and C are attached to the shaft at
the locations shown. The gears are acted on by tangential forces
as shown by the end view. The shaft is made of a ductile steel
having a yield stress Y = 290 MPa. If the factor of safety for the
design of the shaft is SF = 1.85, determine the diameter of the
shaft using the maximum shear-stress criterion for the initiation
of yielding failure.

3.00 kN
iy 150
,4—300 mm ’ rESOO mm mr
[x %
Bl lsoomm © _i_\D
Ji 150 mm
6.00 kN

FIGURE P4.33






