CH5. Energy. Methads M
B.l. PrinciPIe of Stationary Potential Energy._

- DOF: x‘l 72-) v )xn

-~ virtual drsplacement 8K, 8, ,8n
- @enemISZed lead ' @y, ®a, -+ , Qn.
- Virtual work

virtueld work done virtual (erk dane by
by external forces irternal forces

~ generalized external foad : R, P, Bh
oWe =

- elastic system with closed path (5% =&%="~ =8x=0)
SWe=0. Them, ) l

For the closed path, system retums to ifs inttied strte

|
=) . 1
i

=) System W conservative

. Prmcfp\e a-P s-(-atrcnarg Po-t-gnh‘a.ﬁ energy.
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s Conservative Sygfem \ﬂ
SWw =

=> J=!,2,~~,n

~ When systom w in eguilibrrw SW=0 = Q;=0

.Ax':"l:zl'ﬂl n

: CaS-H@ lioro’s Pirst theorem |

~ \alid for nonlinear elastic system ( conservative)
~ Alse valid for inelastic system with manstmic loach‘r@,

19}
ex) / P U= (pde = 3e
’ &%= (ode o= 2%
u
e
ExmpleE.l.

e, = J(ortu(hi)* -L.,

4.

€ea =\/F b:."U)l-(' CM‘U)L ~La

L= W Lz’,/b}fh"

:
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26 b tu 26a _ __—(bh-u)

————.

4 T [Cbrui+(htv)* U J(baur e rtw)?
& _ htv 3Ga _ __+ (htv)
2V ZCbﬂ-u)fff v > 2V T [ibsu ) GntuP

5.2. C’ag—t‘@hano's Theorem _on_De+Flections

~ Based on complomeninrd energy C. C(same wrth U
Lo linean elastic system).

— For properly constraumed systom with  cencontrated

lcods Fi, Fa- Fn, the dﬁsplacemw % at the

peint. Fi L applied Lo

l ‘ e,

_Limi+ed 1o smafl deformation
n
C= 2Cu

il

- gemeralization +o rotational angle
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rth
Example b'.2. %Mmple 5., \_51

. : g
-~ nonlinear elastic with &= &Mh(‘g‘g)‘

~ Bguilibrium
ZFhx
Zhy |
Len@ = -11_—9,1 cm&’=={-; M;A:-Ef- w%:—é;
(Pm¢ ~ MO cad +Nram cood = ©
Qaind -0 coOpimd —la cad wmg =0

(0 = _Peod + B aind P'Lbi* Q1] :‘.zb
ine g+ mbanf T BB

C = e= gL , €r=&la
Na
= j‘o’u'L_l €oamh (‘,‘qﬁ:)'é:a)dh)\ + j L-:-fa,dmh( )dUz

€. - lfo,mh(._l_.)glg 4128 aimh (Aavo QM"-

U= ;E =
9102
V= %é— = L1 € amh —MJ') o) +\-4&Mh<jq_,g-d
N — Lih BN, Liba
2P hibitba) ' 2@ h (bitba)
N2 — —~k>h 9Na _ (aba

2P hibrtb:) = ~2& ~  h(brth:)
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5.3. Linear l--o"a&c'-'DeJ-> lection Relations l_éi

U= yUB dV fumction of aenemlrzed loads
O = 5k (O +0g5 + %3 ) ~ & (TuTBy *+ Ty Tez + e Do)

+"—" <082*0§x+035 )
or add mdfv.dua.Q contry bution

= Upxial + U'bendmg + Oorsten t

1. Un @ Stun energd. for Axial Laaciu'ng__

de = €dz =dz = S5dz

| su,oehpcsi-ﬁ‘cm v possib\e.

o Axtally Loaded Spring.
- Lload @, e!onaatron S
- Stein energy U =[dU = LS@ dx
- Complomentasy energy C = fdC = [ 2d&Q

-~ Lihear system . N
g=c=adx  frspig @=F=kx

— g=C=



nkim
Rectangle

nkim
Rectangle

nkim
Rectangle

nkim
Rectangle


‘ v 5 Shew Shun & 141
. Un & Us :Bondig & Shear Stun Energy
o« Straun energy by  bending

B3 g4 EY I EY
df
\ yd )H
A - dz d—é*
3 ppra)ﬂma'!"e shear energy. Os
Us = [kdT = (e vy dey
1
]lmea/u opprex
correction factor
dey = vdz = Zdz = -4z | Jdey
A =
"’r Sthun energy Jor sheer loadtig oP a bean

- Us io uevally smell comprwd Ap Un.
-~k i the rati6 between acquratlt <shear stress
OPPMi@ %ﬂ—g and aversged shearv stress —%'_!_a} the
newtred axis, @ st mament of area above Y.

k= = LSO ‘JPO"‘ mfmﬂu&a‘
Cross-séction,



nkim
Rectangle

nkim
Rectangle

nkim
Rectangle

nkim
Rectangle


3. Strounm Energy Rr Torsion: Ur LQ‘

- Crm;ﬂwv Cross-section

bd[jr-/dz :%d;.r:l?dz :
=)
Stram energy. {3 torsion
5(041\[3]6 5!3. ////‘k
|

J =
W, Tg
We Vleed U= U(wb W1) 1o CG-QCU—QQ'{'? 342 Ba. L? ‘

Use FT"'—»Qng;, F’;mﬁz(&-g.) Wa, 18

\l\m"w‘ﬁ/d Pave of springs

Wi+Ww, = A, = ki é)
W,y = ha = —&2(3;"51)

= O =

Use Castigliano’s theorem

2U _
5': oW

20
g—’: W

e
—

T
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Exa/mP)e 5.4.. Monlinear springs.

- Ferce - elongation  relotion A= _k&?

- Use C.
C

4]
N —
PareS
45,
o_$
T
+
&
H
»h
~—
>
T

|

/2
)

- 2C€ _
& = oW, ~

_2C _
g"— DWJ.

5.4. Stotically Determinate  Systom

~ momber force % stress cam be determined +From

static eguilibm‘mm, not cmsiderfn& defdrmation.

AN\

— P
storhanlly determanacty

/
=34

gtaﬁmﬁ@ inde-éermimﬂ

SNW\Y
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- When %=U~é+Uﬂé+Ug+U—g \_éi
~ DePlection 3 at the location of oﬁoh‘ed Rree A

20 _ <
52:91{;”2‘

(U' 2N 4z :‘g'd_\./sLQYddi

577 EA; °F FGA oR:
MO s 4 (2L g
+f%1;, e d=z &% 55 d
-~ Slope chm&_c ©; o +he location of moment M.
2 U
C.i oM,
o Frocedure

() Write intemal actions ( force, shear,momed,torgue)
in ferms of opplied leads
2) Calonlate BN 2% M, 27

2
2F: ' o’ oF: ' 9R: ! oM’

J
(3) Caloulsde G =35 from D& ),

Example 5.8 Carntilevered Beam

&

¢ L—P

: Tg}nor‘e shear .

AN

Z <

G
I

S
i

—
X
I
-
N

— 7/
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[«

T
2Py . he=hy =0 =4
ZMz ; oSFAc toSfy ~T=0 . he=Fhn=TT.
U = ();1—(-0_1_ =
20 _
%= o7 =
“hre? "
=2 o PEXL dz + 02&3'“]2
3
3 E 2GJ

BExample 5.8.  Contilevered beam with distrbuted load
-~ Tntreduce & dwmm& lead P o the tp. P=C°.

aj__,ll—Lw

/l 2| p=e.
U = gp—’:
Ma)y= Pz+ zwz> §%=2.
_ L (UZB
‘?P "i 2ET dz
w L4

= "E
zIﬁ”
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Exa/mPIe 5.9 Curved Beam

— ApprexX. A0 A strajghd  beam P
—~ At the cross-section wih angle &
D=
V =
M=
N — AV, o1 -
2P °opP c
T ) M
U =) 5% Rd& +L5¥;‘+Rd& “‘f;EARds
J 2
§=25 = | Lhracmorrds + | 2206 RIG

# Dwmm% Load Methad
When no force ofap.ﬁwa/ at the point o interest,
h Applé 7 ﬁcﬁ-trous Bree F: (or M)

2) Derive U and difRerentiate it with Fu
Q@) Set hi=o0.

Example 5.1 Cantilevered beam

P 'R
. A
Tip displ. & rotortion %'ﬁ‘— —} 3 m,
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Mas = \_ﬂ

Mpc =
Has  _ M8 _
oRa 2 My
oMpc 2Msc _
oFa 2 Ma
L/zmz.
J = IAB  dz + f-{ Mge  Jz
o 2EL o 2*FE
_ 29 _ u, ”
LT L = Bz *’5 Hec (7.5 ) dz )
(4]
M=o
Phs=o0
o
~ PZ
= Ot —é—ffz*"i‘)dz
P (loy ka2 ) P o(LP 1) _ EPL
- P i??’—t-A% .)lo = EI(Q4+15> T 45FI
9/‘:.—.?—&2 _ 2/‘448 2 pL™
2H " LA dz + z - —
A%«* . EL i'g'a‘; idz = Zer
=0

53. Stutically  Tndeterminate  Sttuctures
-Eguihlohium eguaﬁa‘n W pot sufPcrent.

/
T //’&JJJ],A

7 /

4 . % 77

Determinety Indeterminate
Redundowt cerstrasd .

~Meed more inrmation
use zero digpl ot A T° solve +he problem,
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g
o Flor redundawt Rrces C imernal op externel) LK——-

I

, N no displ. 29 _
;_\L_J__L_x/ sSince hno '5)“—@ SR 0.

TR

.. easy +o shew for redundamd constroumt,

o Structure with injitial 8.@{) or ouerlap,

AL T T Solve with R and use cond.
' 20
13
R

Exa/mple 5.15 ﬂ'opped Convtilevered Beam
ﬁL T W M=

/‘é—'—‘\—-—-——z L M2
A IR U:L a.EId *

. 2)
o _ 20 _ ("Ra-zWr
ZR'-O"aR"Sa =T 2 dx
O RE wf
R Swlk
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L(q_

oMas . 2HAB _
=% =5, 2n 2R

. @MBC_ o
T =Rane, o =R

2R T
_g_g =(  @Pstad 4o, 5 QRS ~HRU-co0) o - o 2l
o €1 ,

ET
=0
=
@ |
_'Qg__,fR(Q-P)S tRH oo ((QRein6 HRU-E)coi e RAE =0
Co (] £1 FL
—_?
NE))
Salve '&:s\ﬂ xR & H
20 _ (™R (&—P)s+2RH
=5p ° (=s)d
ép 2P ~ J, =T (-s)as

1}

/
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HWE . Sclve Hublems

5.25. Find the vertical deflection of point C in the truss shown
in Figure P5.25. All members have the same cross section and
are made of the same material.

FIGURE P5.25

5.26. The beam in Figure P5.26 has its central half enlarged so
that the moment of inertia / is twice the value for each end sec-
tion. Determine the deflection at the center of the beam.

L
4

N

l w [li/fnm]

|
AEEEEEEEER

FIGURE P5.26

5.33. The structure in Figure P5.33 is made up of a cantilever
beam AB (E,, I, A}) and two identical rods BC and CD (£,
A,). Let A, be large compared with A, and L be large com-
pared with the beam depth.

a. Determine the component of the deflection of point C in the
direction of load P.

b. If E; = E, = E, the beam and rods have solid circular cross
sections with radii r; and r,, respectively, and L; = L, = 25ry,
determine the ratio of ry to r, such that the beam and rods con-
tribute equally to gp.

FIGURE P5.33

. 5.25, 526,833

o

5.50, §.66

5.51. A structure (Figure P5.51) is made by welding a circular

cross section steel shaft (£ = 200 GPa and G = 77.5 GPa), of
length 1.2 m and diameter 60 mm, to a rectangular cross section
steel beam of length 1.5 m and cross-section dimensions 70
mm by 30 mm. A torque Ty = 2.50 kN ¢ m is applied to the free
end of the shaft as shown. Determine the rotation of the free
end of the shaft.

( T,=2.50 kN+m

O

FIGURE P5.51

5.66. The beam in Figure P5.66 is fixed at the right end and
rests on a coil spring with spring constant & at the left end.
Assuming that the beam length is large compared to its depth,
determine the force R in the spring.

FIGURE P5.66






