CHE. TTorsion L‘l

£ Torsisn of  Greular  Shalt
undeBrmed -

A——
G e

~ Assumptions
-Plame cregesection remasns plane
. Al radii remains stroght and M€ magnf-mcle,
(rigid bodd rotaition)

~ Rotation of a Gross-section
| g ; twist aagle par

unit E?L

P(X/a)

~ Deblrmation. (W=0)

(* 3

\J=

(cwcﬁ+¢) = aofcat oimBand

in(Btd) =.ainfosod + caoSaingb

U= rcolesnd ~ramBainp - rind
= fg;g‘i_(cm,@-l) "C&,‘g‘_ﬁ"z@‘;“ﬁ

i
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~ For small delrmation (,4,',15%/3, coo8 =1) bi

u:-—@ﬁ
= :rf & 3=0z

——

w =

D‘splacemw% caused bff Terston T.

u - _
Ex=27 =0, €y=0, €zz=0,
”éa-‘f fz-Fz=0 ,

— Stresses %
Oix = Udy =Uzz = Ugy =©

~ Met ‘l‘brgfwz T coumd by stresses,

ZHMz=T =
=f(69x’-+ Gey*)dA
A awyt= TR
= G e S/;(Jz‘*’éa)dA SPJ'CIA =J = 12@

&GJ | torsional r*\giclﬁg_
& twist angle per umit lengH\.

5 & torsional censtodt \
.—_-Polar«nnomwi of inertia Jo
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o Stress vector on the cross-section E
t=-0ays + 9623
IT| = G [x%gF = BGP.=T [Ty = 6Gb.

|

X For hollowed section, J=
1. Design _of Shaft
~ Shaft  with freguoncy P and power P.
P=Tw =21{T

=)

——

p=Ch- 21

= w= md/sec

Exomple 2. Drive Shalt Design

il
Plu 9 Pi‘“% Tpun%, =3p=T
Meter la 14y g da ci

[ 3] o
“hg=2T
Tge= T Gw=x L= %
2.2T \/3 16T \Y3
(2T 45 2T \/3
d“‘"('rr‘rm) = 2 ’17‘"?'>
- _Tas = Jsc
Oss = &7, OB = G e
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EXJ/MPIQ 3. _Brgue Deﬂgy. G-E Holbow 51'0&-__
T/’ NT=? SF=2.0
( @ ID;IDO B 2o rad.
B
T <
T <

6.2. St Vernant's Semiihverse Methed

~ Man-circular  cross- section warps afrer deformation.

- From st. Vemants principle, loundary effect com be
ignored Rar Prom +he ends.

1. Geome*l-rg_ of Delormation

- Assumption | Constant cross-section member has an
axis of twist. abowd which the cross—section

retates  as a rigid boda;_

!

14
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0 P(XI%fz) de-[%;m - ,97“ (ﬂ:‘-‘ 9'2) [li

w——

'

Y
Some with circulan warping.
Cross ~section P.y) : warping fh.

- SHwun'S
Exx = €94 = Ter = TY =0

¥ Yz =~64 , Yz =62 Rr circular

Uiz
‘Remove P by Sy “‘Q%Sc&

= compati bili+y
conditrent

2. Kinetics
Tix =0gy = gz = By = O,

From Eguilibrium Eg. in pp- 20 with o b"‘% Rrce

20z _ o

9 = Uz, Ty independent of =z,
30z - o

9%

l => in ordep to S‘a-l'\‘s-% +his r‘ela—ﬁon,

there exists o stress Rinction dcx.y) (Pondtl stres
-Pumdksh), el +that
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Torsion problom o to determine ¢ @.y). ljé
3. Boumcl% Conditions

— Shear stress onh the outer wh&ce L -Ivmgwf 2 sur‘%ce

&) 8 W o
\’5 e Eia ;
n > Oxz
S
- -~ . X
Urz = Tam™X Mo(:—g—g wyﬂﬁ%

N=(coo ¢, ~inex).

- Sne T LN

-, 2fd4 24 dx _ dé

——————

294 ds "aLds T gsg = °.

=> ;A = const on the bawnda/% S,

Choose pbecaae
the derivative of @ i interested,
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6 Eguil'\briwm
Zﬁ_x-‘j@zdlcf@_ ’S’% Clld% =0
ZRy=[Opedady =) B dudy =

ZMz=
A4

A \B S

LLI77 77777 7 7 77\

(k—A —s{—B—Ty

' pxyg)= Px). )

xRy = (ff ety = - [T =]

#A)
= —dy [ @(B) ~gw] =o.
Similarly TRy =0

Momowt eguilibrium ({or the strip) 4(8)

Sxgfdndy = —dy (x84 dx :~&a%xa¢

)
= —agfe| - (g} - o J; pdx
integration by port

. §mmina Rr ol strips= *ﬂx%d“% "‘K?‘A’(dg

. Appla for +he vertial Wip::fjfa-g% oh(dg =ﬂ¢ &xog J

|
|
|
|
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« ZHMz=0_, : ‘ 77 hz

|

~ Physicnl _upterpretation © Fx.9) : surfce,
[[#dxdy - volume under
ySCX,%) . =0 onl"

T = 2.X volume under ;5(?0\‘3).

6.3. Linmar Elostic Solutions

sz=%§,=3ﬂz

= = 3% = G
hirem 2_?_/'1{_. %:-—g@
24 X
=>
G.C. ¢=0 on [ S = und M‘g‘ea-‘) +Hwist
Solve for ¢ = Txz, U5
= T
« Indirect opproach,

_Let a Punction Flxy) reprecent +he looumlmg op
cross section b@ FCx.y4)=0.
- Let s"r’!’e.r: fmction  Fx,y)= B-FEAXY).

-If 9}3 ——-E:-:eamS‘t Then, $(A4) b +he =lution
of o -l:smam problem,
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_ 2% = ,BY
Xz %ﬂ‘g‘ 2b:. -
°8 _

Gz = "X T

—~Max. shear stress occurs ot A

Cmoy = Oz (x=h) =
e bty = 3 o + 2 a0

- 25Ty + 3f 1c-28

71 5h
::"'T ) ‘_'[’a:"
- T
T = B=— For—
B 2,
Timax ""‘gaz Z=h ——“Q'T:"'“W(
-~ 2T -
Tmsy = Zppe O
T K

T=GT70= G -0
b+ h
S Forsianal constant |
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2. Eguiloternd _ Triamgle 5 e

- IS
|

\

1513 T T
oy = 29, 6= —anF

£4. Soop-hilm Am&g@_ ( Hembrane Analogy. )

- Membrone wTth Pressure W—T; Torsional %e_ )

~ Visualizotion o shear Sﬁ*“eg?dﬁﬁhxbbn.

P

— mombrane  diaplocomed  ZOY) = stress fimction dexy) .
o 'IBD'S\”ana.Q E} (

Elastic membrate pepressure
S temsion,
Edge AP Edge BC
~sdpennz-sq s sy (3
Edge DC Edge AR
~sdx%g S dx  (2+3F )

T 2 4 T1p
Zhz ; Pz O*F dx = 0 |
S;—;(;C)X% + Saazud‘t%'*-r) d& l

= 17 ] mmb)“ao\e EB' .

———
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- Analoaous g,uafwlﬁies‘i [EL

~ Stresses( Ge, TOgz) are the slope of the membrane.
- Torgue o propstichal o the uolume enclosed by mombrome
o Stress  cencewtration

g
Dy

L) inPinite shear stress

&5. Parrow Qec’f‘amau)ar‘ Cross _Section
,V
. solid rectargle, b>>h -1

f<.,

b
- Assume deblection is indeperdend Y=

x——-—>k

k@/
of X, Pambolu‘c th 4 T }i__g/
=(Y) = o 12
=1
2% 4 ?%Z _ _ o Zo C
2" 2y~ Th* 7

/[ \‘?;n
Pe P ozcc A4 agra A
- 27T% = RCGHEO
S h

_ )
C= aor

2¢ _
O:Ti‘ ='§§'="2€T98~ y Ug;’-"ﬁ%"o
Tmoyt =

=)
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h
- = :-(zb)jhae(h‘~%)‘)°‘3 =

2
=2-(2b)- GC&- (th-'gh’)
T = 3GO@ENE= GTE

3 :)':: -:-3‘-‘(2'0) (M)s

3, =k Lab (2h >+ (2h)(2b) ] ) Jo7J

Tmoy =2G0h = 9.-——'%
X Generplization . Cross -section with long. narrow
rectongles
J = C. section constant

for bi>1ch; , C=x4d.
bi < 10hs, c=a9l (recommended)

n=l, b>ieh, c=1,
2T hmow T

— C—

_CmM - J ’ 996(3.

omple 6.6.

Exomp A I
circum{erence 2.b=Ta
-Hhickness ah=1t

] 3

3T
= qwat?

37T
& '-‘-“@.:,:j = at’aq



nkim
Rectangle


nkim
Rectangle



8.-6. Torsion o Red‘amgutar- Cross - Section \g

NG
L = -2G& h| h
b
$ = o0 on boumdmg > X
> b
v* “ax’*agz

~ from the narrow rectangle, $=Ge(h-x*) b a
particuler  solution. Assume Pl1.9) to be

Vz% =-2G6 + V¥V = 26

vV = o over the cross-section.
= =xh - |
\/( © ot X VA Q) o anevenﬁ. |
= GO () ot 4==b ‘

- Use separation of varialé

VX, 4) = —?oc)gcg) 4}/{223&
vvay) = £7g + £g” =o. a”:-gﬁ;
__g__f:__g_’_’:cmst Y 4
=> (%ﬁ +Xf =0
%lgi 8T B=D=0
> (; ! R
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= VI 4) = A coa Dx c,gaﬁ,)\g. (satishes vV =0) \ﬁ

V(2h g) = A cosAFh) cas)y =

n-_-_-_'lz’...

(sa'HSPEeS 1
o ML 20T ~o af A=h
Veg) = 2 An coa AU oh QTS =0 )

X
v, 2b) = > An M(W')Wb M%

= Y o E = Go(x:i) =F),

. Use FRourier series by mul. coo (@mnx/2h) amd

fW"%Yaﬂ E"’h/hj
h h 2
QAOTIX (AAYTIX ,J’ Log GEAT
Sn§Cn COOZTT" eoe =, dx _hF[Z) Sho A
—
=0 .;.Z n*k.

(zkﬁ)‘n’a(
CK = —-—-f R (%) ¢c60 ——— ~h C{JC.

- 2&6 Jh(xz h?) m(_________zk—l)?l‘?( d(
h 2

K-
~_ () 32GBh"
cak-) 13
_ _ ) =gehn”
= Ac = - 3. 3 n
(2k)% 17> cooh 7~
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be X - \85
. ;5(7(,8) = G 6 (h*2*) “",Z-;- An co0 O";.)h cash Ma.ﬁ
—E'——abo : harow sectich =>%ma)":" &9(11’:-912).

-+ J = R, (2b)(2W)
vﬁ T ——————
b= L1~ (0 £ e tenh T |

_ T _ A
ot = T ahan” — 24P h B
571 Hollow Thin-Wall Membenr

~ stress function w constawnt n the hollow region

b
m
T 2

e MNon-circular +hin wall 51’1&‘\91‘...

Assume 2Z i(ncrease

dg [inearlé through -thitkness t,
A< 4 =) shear stress & constosd
I [
- : | +.
7},« \¢ ! hrough




°f _ -2—7-(—+,9_f3ﬁ: Jg=
2N = X N ~ 9Y 9n
j“? _A\Lg 73 >Uzxz
%g\ - “Ggi'mg — Qygom3 n
=~ T co0®S — Tam*3
= —~C

K 3 only /maam-t-ucle_ (o Considered

—-_g—é— — 3 S &9
Teem AR 2 E

G Sheah —ﬂow
CrRA] . same a4 & constont .
Z vories with thicknest t 'z:,-_-.-_é?‘- , =
° T"’”Z"'e ! Volume umder -the membrone

A area encloged by mean Pem‘me'ter\

Z bz "‘*PA —-§S:4,Jn(yoLQ =0 j‘_,oeﬁmeﬁm ]
2 Wz

*§cdl = & =m0
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il

=

- t,
'H‘“Cl‘"&es 'élz
~ For feamemfs 2,
& = & (4 +~OT )

T T
K
— T '] +_01+ )
©= zar (=
_ AGA*
"—'-")—T":ij@- (‘%ﬁ*%’* )

Constont hickhness  hollow fube

— fon
— Hollow circuwlar cross —sect _Qsz_t
A=TR* , =2TR | = J= N

5
H ”000 H@m’oeh WH"h mama. com(-w'&m@v\
G O

A cem/na,tmem‘s =) Ot] Unlenans
l%?f ?l @] ' G, g;, A=
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~ Ot Epuahions léé
T
T:l%ﬂ;gj

24&;

o Gi—g’ S
o = ’“‘&—{ﬁ 4.0 Falee, N

Ail oneen of ith compartment
g’ shear Plow of neighbor coﬂybmtm@d-

* Mox. shear stress dccurs at the greates skpe.
e, (&—8)/t has max. valu,

Example &£9. Creular Hollsw Section A
Do=22mm, D= mm, tz2mm N
@) T=1oHPa ot mean diometer

2
A= FZD- = 00T mm>

T=2ATH =2:/00T - 702 = 1.9 L'm

zJ T a7TD 2T Ny
O =—= = = = 4,03X10" rad/mm
2eh © 2.Gq.mo/4 | @b /
Rrom elasticity.
- Thr _TJ _~3z3 ,
T :
&= ;3 = Gr = 7~03’Y'0~J md/hm Yah=t

(b) Laha narrow ha:fm&le.
~4

= = =_LZ.M__.:' oxX |0
T = 2G66h = & ~h 4.516x|

T=G76 = _3_;:%"@( =5.864 U'm
T o peduced ﬁguiﬁm%,wﬁ% G ncreaaqcy A-Wo«:%




Exa/rnple g0 Too Oompartwests Member

[
1

do

390

J_,‘tl

&\

G
)

e &
=]

T=20Ag +A )
™ 3,0: gli;&lﬂ
6 = lé\I'A'n L. 't"'" ¥ ’ ]
- | T 8&/01 (8:. ))_0
& = 2G Aa ___{_3

o

-

8>

Zz—'mex‘tz = J2o0 M/mm
Zi= 1228a = 148.4 p/mm
T = -_%' = 325 MR, 7=

G =88 < 7. 40P

&
g:a.

5’;.

= |.’RZ

=22, _5;:1,5' =y MAX. moa oCc ur afi'g‘

= 40 MPa

W correct.

'. T==z<A §ithAsgn) = 1393 klOwm

& = :léfA l

8. Torsion with Restramed Ends

~ Clamped end produces bending. mament due +o

the prevented warping .

(g,ﬁ; (&“83;’;"3 ) =c.0349 rad/m_

since T < Ta, inttial assump.




6.9. Numerical Hethds
~ Salve Prandd’s dormula
V¢ = -2G66 on region R
¢ = 0 on boundang C
s« Finite Difference Hethed (rectangular 8rid)

(Vl¢)),d‘ = -;;“;- ( 75‘-49' * ¢5‘+l.d' - 4543 * é‘g‘-a +5[i‘¢d‘+c)

s« Finfte Elemewt Method (Generel <hape )
EML55 26.

4.10. Inelastic Torsion

~ previous ormulas /\Valicls only for  elastic Horsion,
are

sheor siress —nolinear | shear strain — linaap,
L

!
Hoax T  Tinax

[
vte ¥
- Moment Cguilibrium

T =jy~rdA ==J’bh‘t (amr)dnr




1. Hedulis o Rupture il
~ UHimate shear sHerg'H\ Tu.
Madulus P rupture Tr (fctitiaus, linear)

2. Blostic-Plastic g. Fully Plastic Torsion

o Elastic ~perfectly. plastic  mater a,QTC
T ‘ /

[{f Y
)/Mx
T J T TR T zr’
TE = r}&: = _%E_P = > T"{ri‘
b b
TP _—_J-z:r.rAA. = f\rr(mr)dr\ = %nTr(b3~r?r3)
Ry Ry

3, \3 R
Top = Tt + 2T (6-1Y) = DEE (G H-4))

= %W‘T*rb’('“‘zi“’)
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~ Max. Torgus s ot A= intial él\eldﬁj) (—C&
Slost
asuC

Fully plestic "orgue  Trp =
3, Residual Shear Siress
~ Lading — elastic-plostic — unlonding —> residuad siress

,.ﬂ -.\ d l,aql-[\'r
'4
ANAD
t
\

/

~ ”
L

- k=2,
Tep = FR%(1- Zl?z?) = 1,292 Ty

- At M'g@%/ r=b = Z‘,b-: 75( ~I‘2q2‘(}=-—o,2<122']‘-
r=ry = —Clnr: G~ (129§ = 0354 Ty

o Hollow memberr%
Thp = 2T -Frjr- r*dp

|

2
STH(R-5)
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Exa/mple é.11. Av%le ol Twist Given L_CB
D=4domm , | =1 m , Ty=3cMR , G=11s8&Gk , 4)=o.2-md

_ b =
YW\X— L—-kP '%r = —%
J‘:éf?‘: %-%—_\P =159 >| .. yied
b b
(b) Iy=7¢ ﬁ:""F{, T‘T'-'—,-(*-—-:IZ./mm

- t
) T=° T‘-‘Tap = '%'WTT53 (1- m)—-—-‘ 2.043 kN-m

) permoment angle of twist Ps 7 residual shear stress?

Aoply v lineorly = T = Jpr = 162.58 HR,

Ti(r) = ;%C»r' osrsly (linear)
< r<reb Ceonstont )
L\ r

wm = F(-z8)%  Umer)
Tresduaﬁ (r) = T () — (),
Per“mamomﬁ‘ +wist Ps

Sbfoa\d ma. umlamlmg
\P _ TEPL

Exgmple 6112 F'Wd Plastically _|asded shobe
(@) &=? Ty=-Ll=3TgE = GJI6

=
= Zb




(b) whew N=br, G=7 L
- T -
At by, T=T, = by = G6 = @=
«) T-Ep =Te "l'TP °
Te = ?"Tz:rbf
Tp =§brr~1:r(9_7rr~)dh = —;-"—NTTCBLb\,z)
Tep=TetTp = EWT(ba“b‘?*Z%b?’)
3.1
= 27 (6~ bt )
d) Trp=7? |
3
by =0 Trp= Terlyee = 5740 =$T

©) Residual stress alder Trp 7
55

| I ——residual stress
'Z:r ‘ ’

g
\
{
)
3
zb b

.11 F‘Mﬁa Plashc Torsion
~ Entire

V‘ea\on oP -Hae cross —section 1 plaS'h“C.
2
Taz + ( “é = Uy

= ¢=T # distonce from nearest loowndara

const. &4
Trp= 9'5&5‘4’“*& E
= 7—[";“ (M)QTTQJ

& f/[ N Jew




HWGE: Solve Problems

6.6. The torsion ‘member shown in Flgure . P6.6 is made of struc-
tural steel with a shear yield strength of 7y = 160 MPa and is
subjected to two torsional moments.

a. Determine the maximum shear stress in the member.

b. Determine the factor of safety for the given loads and a fail-
ure mode of general yielding.

(45

© 6.18. A stepped steel shaft ABC has lengths AB = L, = 1.0 m

and BC = L, = 1.27 m, with diameters d; = 25.4 mm and d, =
19.05 mm, respectively. The steel has a yield stress Y = 450 MPa
and shear modulus G = 77 GPa. A twisting moment is applied
at the stepped section B. Ends A and C are fixed.

a. Determine the value of T that first causes yielding.
b. For this value of 7, detemnne the angle of rotation y;, at section B.
6.57. The aluminum (G 27.1 GPa) hollow thin-wall torsion

6.7. Determine the angle of twist of the free end of a torsion member in Figure P6.57 has the dimensions shown. Its length is

member of Problem 6.6; G = 77.5 GPa.

} A v T B}
P————— 800 mm w—+j+~ 500 mm ]

FIGURE P6.6

6 11. The load P produces a downward deﬁectlon A of pomt C
(F1gule P6.11). For small deflections, P is related to A by the
relation

P=kA
where & is a constant. Assume that the member BC is rigid.

Derive a formula for & in terms of L,, L,, d and material proper-
ties E and G.

FIGURE P6.11

3.00 m. If the member is subjected to a torque 7= 11.0 kN » m,
determine the maximum shear stress and angle of twist.

200 mm
¢ }*80 mm

T 5 mm
1
5 mm
120 mm 4 mm—>
- <=5 mm ‘
i f 5mm
5 mm

FIGURE P6.57






