CH Il THICK-WALL CYLINDER

|. General E5u07(2)9ns

o Stress tromstdrmation

Given Tix, Oy, By, &6 , Find Or, Gpo, Fo,  gom g,
Deyo °
Bo*

% >7 \{¢m+ o2 dn

From (074 = COYTO3 (@] . unif Hhickness

Do = Gix C00°6 + Tgy @i + 2Ty Lin® O
Uso = Tax am>6 + Uy coe*G - 20y OcHE

Ure = ~(Vix~Tgy) o caos  + Tiy(core-om>S)
Alernatives
s Force eguilibrium
SFn = (9{4» Zdr) (r4dr)d6 ~ gy rd 6

+o9 d&)dr cw%e - gédh cao°—-‘-$

-I—F}\(M Fldedr =0,
g?mph'% b& Igmorirg higher ~order. teamq,
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238 dr ) (tdr)d @ ~ Ore Frd & + Rp(FtS dr)elelo = o

+ (Gt %

=> 9;‘35 drde + Grpdrd6 + Tredrd6 + 21 drd 6 +is roid9=
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o Carnpati bn"h‘fﬁ Eg.

o Stress  strasn  pnelation
. Plane stress
Crr =
Es6 =
fo =
. Plone stam
Ern=
Soo =
re -
- Put stress-strain relation nte canmpatibilly es.
= am(O‘ee"DU’r) 7 55+ (TF-0z) + 3 57 (G- 0¥ )
- 2 (Gr-1T36) = 2“"”)[2 ar?gg e ]
= (4)
=

_m Cyh‘r\dm‘cn_Q cosrd. 57-’7’9”1.
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o A?rg's Stress Function (ho bad& Poree )

2¢ 1L 72¢ +—-\1,?_3f = v’L?i

Oret Qg0 = S (kY2 rr 90>

o B ) Compotibility Epuetien becmes

n2. Axi- symme-l'rfc Breblems

Tre =0
% A Jee = independowt P 6
K\J Jir = mdepanded* oP e

© Egui\ibrfu/m

¢ Con\fmt}bilﬁg_

(2t 2% 1 \3.) —
=2 (far‘r* rar %‘ar**'r:’af‘ %"O

(5)

Aubmﬁcaé% sab‘s-% eguilibrium .

(6)
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= g T dr r*drl*'r?BZ =0

~ Since all +erms are pme order with respect to N,
-(;r& Y‘:@t oh  t=_Unhn

s k- 1

9L = 2@ - (G- )

%ié = Zlfé 32(95“*"‘2%

%‘é:—— -3%, 2 dt‘-“‘%g)
Gompatibiliy . =

K Genenl soin; let ¢=€XC = ot-sorhaat=o
=2 dt(o‘/"'z)z':o. =1 o= 0,2 but deuble rsst.

Use boumdarg conditions 4o determine

C"l Cﬁ. & CB
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(1.3. Thick Gylinder under Uniferm Pressure
Lame's  sclution (1852)

o« Case 1. Thick cylincler

"4
BC.s
o
B — % Tv=—P ot r=a
(=3
Orr = 2 ot Y‘”b,
/
-~ Assume ¢ =0
O?r..— —y ( -B b
U6 = -fe =
_ Pa-pb |, a*b(R-R)
= (3= —-—————-bz—aa <+ -———————-b,__az —l'-‘;
o'y Ra*-Rb"
C3=(l%~&)—fz—:ar ; Ca= 3 T g
=
- I.P 2, =0
Ty = <O cmpress?cn
OBD =
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X Sine Ogslmax > B, a compressive 13}
pre-stress s often aﬂoh‘ecl by wmdag wires
= that Gpelnitug = cempressive.

o Coue 2. Thin Glinder (axbxR)
b-a =t B-a*= (bta)(b-a) = 2Rt

: P\aMe 5‘-H'€5'5
€06 =

~C3(lH+v)F + Cs

Erm= (E U =2a [ rCi—3v) +a L) (rinn -n )] +24.(~p)r
€6 EU = CLr3-v)+ar-L)nr ] +ac.0~-0)r

- C3 (14 D)"er

N

By Comparfna o egua:l:dens , G

0o , Cg=0

X QyrtOpe = 4G = const. Since é:—-%@.—rw@)
= const ona_.‘nd&a, plone cross-section remumo plone.
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o Shrink Fit

radial drspl rodiaQ displ.
due to p =—&i dwe & p=9da

P : shrink Bt pressuna
S interference ad pr=b S=181l +\8|
=~ For plane stress
plone strom
E‘.-a'l-Pab‘ . _ _p. a*b*
where 2C, = Y Cy s (B=P:)——=
- For inner cylinder (Pr=0, R=P) r=b

S=uUu= < o

~ hor outter cala‘nder(Fj.--aP, P.=0) br=b
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I a=o ( sslid axis inside)

|13

cib
Vedmar = crpe P

1.4 Ro-!-a-h'ng Disk (A. Stodela )
» Egui lilorium

AT 16} |
( g’_}{ r\‘?é"' ,..(O?,NG&G) + hr =0
o*# 2 =
e 1 2Use _{._..% + ?'é O

—
Fr= prw? "OO
= ST o L (Gr-Tpo) +PWr = o

dp =
h—g%t+¢w“gs+€wzrl—°

ng’l- Ep.
Jf we choose ¢ , auch that

thon Bguil. Eg. atishes.

at r=b o-P +he outter ‘hAbe



nkim
Rectangle

nkim
Rectangle

nkim
Rectangle

nkim
Rectangle


o ch\paﬁbili’lg__
_ 9 _
Trr = SR Foo = T

C'cnpa—ﬁbilﬁg es .

« Hooke’s law (Plane stress)

(2»»?— —é‘_‘ (U?r“DO"ee)

oo = & (Tge—LT)

. CarAP. E'Z, =
V‘ac;l:. [’EL (%—v(ﬂf )] + & (Tge —Ur) -TELCGH-DOBG) = O

= r‘a‘-ir-‘(%%A-ew‘r“—u-é ) +(H'u)[:-§% o -?. ] =0
= l"%z—é,.+:2.PU..>="Y"=k S-{ + Di *‘CHD)[%?"&PW"Y‘ _g] =6

=’ "g: y'sd,. f=.+(3+u)pw‘!“ =0

=

. In-!-egrod:u‘an
_ 3t 2 2
r a;..( ¢) b 2 Pw Y‘ ‘+ C‘

— Cl > C
r~¢ —--—%"—‘-’-pw’“r4’+-i- r* + Ca
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o B’owc’ah& conditons

Gr=Hnte at r=o0 = G =o,
-?%Eew"b“-t— % =0 = C = —Z—°C

3tV 2 -
m"]w :Twlw:?szb at r=o

Voe

2.(;1{} P w‘b"
=b

r r=b f‘=O r

o Bowwclm‘a, Conditions o~ disk with hole

= % = ?.'g?(: w>(a*b*)

3+ £\ ¢ 2
C:."—""Tlowa b
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3+D 2 - a+
Bolpoy = " CWE (1135 5)  ab r=a

Tr Imag = 322 pw? (b-a)* at r=Jab
T8 lmay > U\W‘lmag(.

h‘m O‘I =

Example 112, Hollow Gylinder ( Closed End)
E=72GFPa bL=0733 D:=206mm  [Do=T0Omm
Pi = IS6MFa Principal stresses , Tmax, Wi ° at r=a

In axi-symmetric problems, U, Use, amd Tez dre princpd st.
_ _Pa* _ ol | _ 0% = -
O = —a> ‘o‘-_ar 2 S b0 B' 1$0 HE

X
(.Tes'-‘—q'ibie' = [q6Ma 2P Thio o Umay.

e
. Por the clased-end cylinder Pf ]
[ amdn (R 0> B8 | Ay
Tog = (R RE) —-: 'E..i..» "b
w(b-o*) .
= P =2 =10 tPa T ?

b'l.__ 0‘3
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Tmmq("@" Skt~ (ds MP L

Exanple N1, Retoting _ Selid Disk

Given: P, v, N, b,w Tnstead chUM‘rg stress fometian
use displacemenct.

B.cC. (u=o et r=o
Cwr=0 ot r=b

For plome stress problom
dy_ ,, 4
(tm: s (Gt L Eso) = o (It P F)
PBo = —E‘Ba (feo-l-l)&rr) = l—%(% +D§¥)

fut +hese into egurlrbriam 3.

- 44 - -—A o)+ - ra> eiewn =
+ Yol
Fdr
£Y ,ady_u __ Elppep
= dr=TFdr"phr 7T E
— X
. =_.._l_:2. wr
[ 7 drrw] E C
= L
=) -rl;g-ly,(ru) ==3F PUJ"'Y‘ 4+ C,




hrom
BC
.ou
lr-o =0
=)
Cro
- Bini
e

|—*
Pwlr\s
L g
= n

Then, 863(, 2)
Urn =5
(-7
pw?
— E bl
l—-p:- - (51 + - (l—w
. 3+ zcn-—») )Dﬁw
— E 2
- pwr* .
y i D + (1+p D
Pw’-r‘ = )—l]
3(|~v’)
———bpwr +9
> |

) |

hro
m
3.C
. U?‘Y")rab
=0

C + -~b
{
(3
p)(-b)
| pw’-b"

= =
. gC
- = (3+tD)
= 2
i eb w*
36 = 3+D [ — —r:
5— @bt bw]
[ - Cl+
a2 -
witth
PP. 136~




1.5 Concontroted Farce on  Straight Bounclard.
4 }°
_@oumclcwa_ Conditians
Jee =0  at S’fi’%r‘ s /é
Os =0 ot ©=3%
/ ™
Ay VL
o Siress ‘F%Cﬁch
)
-7"5[' (arl "rl"ar\ - h"é%‘)
= &fe) + 2 Ple)
- L(Pho) + Pw) = +F1®) , Fle)=Plerfe
o ComPat;brlrw, condrtion

Vvg = v RF©) =0
=) ('573+ gg,)(—}.)?(g)) =

= O

22
ron™
= 2F(6)- aF6)+thZ.Rl6) =0

=>

0.D.E.

F19)= 2C 0B + 2C am B
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- Po)+ £O) =2C @b +262mC  opE llaz-z
= £0O)=C6omb +CBcHG + (3c008 +Cq oG

o Trg ohld. the Prirst. tevm,

238 - A Eh - passiohlaramo
— CirEamd)
""D.CI‘L e
%9=%%— =0
L. Ore = ar(Y‘ a@)zo

6 Bocmdaﬁﬁ cenditions

,_,/C? P=2 Q/er‘hmﬁ W o‘PS*I'he:S szm

ZFx = 2 O;hme rde +P =0

p+ 15:41%&9 reoe©dO = ©

¥ s2@= L

6()" h—-‘-o ?nn""?"’b‘
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o (depth) Thn Lh’[

line of constaumt Tbr, Tk £ sh

constont

" =& directions axe Px\.w;tfxzﬁ dueaton
2P\ _2vhP
Ah=h&z=é(9£\—u0?r)=“%’"("ﬁ)“7mE.

X' Concontrote Hol‘fi'oh‘f'af harce
=2 Angle starts from horizam aris

e
(\——\>> 7‘=—-—_}; re_ omeb

P\ U= -2k w00

Uuse §Uf)€r‘po$a‘h‘cn
% O‘rh’-“"%e’#m (ot 65)
Joe =0
Jre =0
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o RDuoplacomat  (Vertial _losol) Sl

V = (g -
y u
){9:-";%— +%\_% =—L&9{9 =0

U= -2 050 Inr + £(6)

u-2r(-2Etwo)

A
il
I

= 2= @ Inr - (0) +—’;,.% &G

v =2 amo +2Ersae - (fie)s «facr)
‘Rt UV unk Yis.
P = %-g,o?é Inr «R70) + 2B 0o +rBr)

~ 1P”M9_.1PF-§_1%&9 +f1(2(49)d(9 ~-fir) =0

TE
pU~v) .
==>( fleen +f-[.’[a)d9 + zvre. wmB =0
h-ﬁ/(r') -fir) =0
m..p! .

.—.-;[-R(@):AMB*“BWS“ Te O 46
h(r) = cp



|28-§
= """'""“‘9'*‘%6«“8%9 %@Mé /58S
V= %M&‘&%Mhﬂh@ +Aw@"‘BA‘:"9

B2 g e + B 4 ot

"Boumbﬁgr condiiens
1) Vle--o:o =Atcr Pwnatt r = A=c=o0,

2.P
2)“'9"0 =0 = [ - __”.EP, Ind L B= ﬁlhd
X+ vertical &Arﬁaww o Zero ab distand d.
. Vertica? displacoment <bong x-oxis. )
MIGE:.: = ~0= QP ’”Y“l'apl d = —gln?

. surface change

P d (V= V=o
Vlpasz = ~ e [2InF — (149 ] N
d _H
V=0 ad Inp=-7 - td
VL
N _&_141-4
u‘o::t%‘ = -3 P. —_J
%ma/»%
U= lnr 00 + 2B indcmg ~ B g0 6

TE
__E_‘n__mg__P(l"D)g’ &

=E_f-l{—? 9_—--ln—»m9 P-—-)@wae
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s Cartesion coord, :

Oh= -2F RE | Gge=0 , Gro =0

’

Ugy = _i'@m 0?.-—%, €406 +94m’nw9 = Ofrm*&

— _ e - _
G}&— 2, Mﬁ@*%mn& = QG omBcea B

- VXX = Oﬁ-.caal@:; _-1-2;’(% Cw"'@
Gy = Ofr w2 = ~ s 2°6 Cor*®

Gy = —--—,’%—%M@ c8’G

whae aA=hcc G
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' AS?We g:: coNnst

Taxx = ——&j c2ds = fl-&m:&dg

2

= —Z[@‘('QMJ-@]N:—.WE/& O(__‘__M’?& MZD(]

Tgy = - %[ﬁ'““ 3.0m23 +-4 am 20/ ]

l
Uy = 77 Lo s ~d coo20¢ ]

. Principal stress % directich

M@F = 03:83025 ""’_/‘&W (/?4-0()
L Gp= s

2

»= B+ @S0y
G = =& [ - o (0 ]
- £ [___/;-o(—\-,a;u(ﬁ—-oo:[

g = & pim (-] J %L_
Ty = F o 2B % 5| 7

at (3: Af° . TMW]( :l% 2&5;\607‘ |% .Q
ot SUY“PQ(Q B: L= N =02=—§ under the
surface.

ot B>~ Oy =~ (38 ~ai3f)
Gy =~& (38 +ainapp )
TMM‘)mM = —‘léf at 3=

\




Selve Prcflolems .3 a0 H.'J-S 11.38 \_l_ii

11.3. An open thick-wall cylrhdér of inner radius @ = 100 mm
and outer radius & = 200 mm is subjected to an internal pressure
7 =200 MPa.

a. Determine the stress components o, and 0 gq at r = 100 mm,
r =150 mm, and » = 200 mm.

b. Sketch the distribution of ¢, and G gg through the wall of the
cylinder.

11.10. An aluminum composite cylinder (£ = 72 GPa and v =
0.33) is made by shrinking an outer cylinder onto an inner cyl-
inder (Figure P11.10). Initially the outer radius ¢ of the inner
cylinder is larger than the inner radius of the outer cylinder by
an amount 6 = 0.125 mm (see Problem 11.8). The cylinder is
subjected to an internal pressure p; = 200 MPa. Determine the
stress Ogg in the inner cylinder at r = 150 mm and in the outer
cylinder at r = 150 mm.

_FIGURE P11.10

11.23. Two cylinders are slip-fitted together to form a compos-
ite open cylinder. Both cylinders are made of a steel having a
yield stress Y = 700 MPa. The inner cylinder has inner and outer
diameters of 100 and 150+ mm, respectively. The outer cylin-
der has inner and outer diameters of 150 and 300 mm, respec-
tively.

a. Determine the shrink pressure p, and maximum internal
pressure p; that can be applied to the cylinder if it has been
designed with a factor of safety of SF = 1.85 for simultaneous
initiation of yielding at the inner radii of the inner and outer
cylinders. Use the maximum shear-stress criterion of failure.

b. Determine the outer diameter of the inner cylinder required
for the demgn For the steel £ =200 GPa and v = 0.29. }
11. 36 A solid disk of radius b is subjected to an angular veloc-
ity @ [rad/s]. The disk has mass density p, modulus of elastlcrty ,
E, Poisson’s ratio v, and yleld strength Y. Temperature “effects
are negligible.

a. Determine the angular velocity @y at which the disk yields
initially. Assume that o,, = 0 and that the maximum shear-
stress criterion applies.

b. Determine the angular velocity @p at which the disk
becomes fully plastic. Compare @p to @y.

c. After the disk becomes fully plastic, it is returned to rest.
Determine the resulting residual stresses in the disk.





