MODULAR ARITHMETIC

Modular Arithmetic is a system of arithmetic involving congruent integers A and B
plus a wrap around number set referred to as modulus n. Its modern definition
was first introduced by Carl F. Gauss in 1801 and reads-

A=B(mod n)

Once given mod(n), B can be determined from A/n=quotient plus remainder B. So,
for instance,-

17= 5(mod 12)

This means 17 hours , as expressed in military language , is equivalent to 5pm
civilian time. The modulus 12 represents the twelve hours used in the wrap-
around.

By simple substitution one also has-
A= B(modn) equals B = A(modn)
and the addition and multiplication results-
(A+C) = (B+D) (mod n) (A*C) = (B * D)(mod n) .

With the above modular results we are now free to work out solutions to certain
modular equations and also quickly determine the last( or lasr two) digits
appearing in a large number.

Lets begin. Consider first finding x for-
123=x mod(60)
So 123/60=2 plus 3 remainder 3. This produces the solution 123= 3 mod(60)
Next consider-
x= (13 +6*7) (mod 8)
Here 13— 5,42 — 2, so x=5+2=7.

It is possible to quickly determine the last two digits of a large number by using
Imod 100. Thus we can ask what are the two lowest digits appearing in —



N=(24*13*7)"2=4769856

Using ModularArithmetic we have (24*91)*2(mod 100 ).This can be written as
(218472 mod(100)=8472=7056. From this we indeed have that 56 are the last two
digits in N.

A really large number is-
N=241973714

Let us find the last digit in this integer. We have 2419 mod(10) which leaves us
with a remainder of 923714=(-1)"3714. But -1 to an even power is +1. Hence the
last integer in N will be 1. Amazing how easy Modular Arithmetic can establish the
last digit. We point out that mod(1) yields the lowest digit, mod(100) the last two
digits and mod(1000) the last three digits of a large number.

Finally let us look at a division problem involving large numbers. Consider the
integer quotient

Q=6"113/7;
What will be the last digit in this quotient? Looking at the equivalent form
N=67113 mod(7)

we find B=(-1)"113=-1 or +6. So the last digit in Q will be 6. The actual working out
the entire number for Q by my computer leads to the 88 digit long answer-

12189706623555332941189629270966695861244963950151654600858069596
3134922294609573179743086 .

Note the 6 ending agrees with the much easier way using Modular Arithmetic.
The procedure only works as long as Q terminates without leaving any remaining
fraction in its output. So Q=12356/9=1372.8888... fails.
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